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FOREWORD

The Institute for Mathematical Sciences at the National University of

Singapore was established on 1 July 2000. Its mission is to foster mathe-

matical research, both fundamental and multidisciplinary, particularly

research that links mathematics to other disciplines, to nurture the growth

of mathematical expertise among research scientists, to train talent for

research in the mathematical sciences, and to serve as a platform for

research interaction between the scientific community in Singapore and the

wider international community.

The Institute organizes thematic programs which last from one month

to six months. The theme or themes of a program will generally be of

a multidisciplinary nature, chosen from areas at the forefront of current

research in the mathematical sciences and their applications.

Generally, for each program there will be tutorial lectures followed by

workshops at research level. Notes on these lectures are usually made avail-

able to the participants for their immediate benefit during the program. The

main objective of the Institute’s Lecture Notes Series is to bring these lec-

tures to a wider audience. Occasionally, the Series may also include the pro-

ceedings of workshops and expository lectures organized by the Institute.

The World Scientific Publishing Company has kindly agreed to publish

the Lecture Notes Series. This Volume, “Mathematical Horizons for Quan-

tum Physics”, is the twentieth of this Series. We hope that through the

regular publication of these lecture notes the Institute will achieve, in part,

its objective of promoting research in the mathematical sciences and their

applications.

February 2010 Louis H. Y. Chen

Ser Peow Tan

Series Editors
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PREFACE

Quantum theory is one of the most important intellectual developments in

the early twentieth century. The mathematical theory of quantum physics

emerged largely from works, pioneered by John von Neumann, on the spec-

tral theory of linear operators on a Hilbert space in the mid 1920s, and

many important developments of the last eighty years are owed to a strong

interplay between theoretical physics and mathematics. Moreover, in the

last twenty to thirty years, there have been phenomenal advances in which

mathematicians found new tools and motivations through physical concepts

and physicists exploited ideas and techniques that were originally developed

for the use in pure mathematics.

It was therefore felt timely that we should raise interest in mathematical

physics among researchers and students around the world, and in particular

at the National University of Singapore (NUS) as well as elsewhere in Sin-

gapore, by organizing a mathematical workshop on various mathematical

aspects of quantum theory. It was also felt that such a collaboration be-

tween scientists of different backgrounds, different expertise, and different

scientific culture could bear fruit on the research of all participants by intel-

lectual cross-fertilization. So, one of the major objectives of the workshop

was to bring together mathematicians, whose work has a bearing on quan-

tum physics, with researchers from mathematical and theoretical physics.

This book arose from such a workshop.

The eventual theme for the workshop was “Mathematical Horizons for

Quantum Physics” and the event was co-organized by the Institute for

Mathematical Sciences (IMS) and the Centre for Quantum Technologies

(CQT) at NUS and held on the premises of IMS over an eight-week period

ix
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x Preface

in 2008. In order to allow leading experts to mingle and discuss freely

with young researchers and students, the workshop was organized with

fewer than usual lectures and a lot of informal, interactive tutorials and

discussions.

The eight-week period from July 28 to 21 September 2008 was divided

into four sessions, each lasting three weeks, with an overlap of one or two

weeks between successive sessions. The overlap periods gave opportunities

for mutual interactions between participants from different sessions. At the

end of the workshop, there were more than eighty active participants who

had contributed to the discussions in one way or another.

In addition to the workshop activities, there were also two very inter-

esting public talks: Burkhard Kümmerer spoke on “Knot or Not Knot”

and Reinhard Werner delivered a talk that addressed the question “Are

Quantum Computers the Next Generation of Supercomputers?” During the

workshop, one of the organizers, Huzihiro Araki, also gave two presenta-

tions: the first one on the lives and careers of the Japanese Nobel Laureates

Hideki Yukawa and Sin-Itiro Tomonaga at the Faculty of Science, NUS,

and a second one concerning the history and mathematics of the Tomita–

Takesaki theory for operator algebras at the Department of Mathematics,

NUS.

During each session of the workshop, a number of pedagogical lectures,

accessible to young researchers and graduate students, were provided. This

book compiles the written accounts of some of these lectures. We therefore

hope that this compilation will prove to be useful for graduate students and

researchers who would like to start their research in an area covered in the

workshop and also for researchers who require solid introductory materials

and surveys of the status of the field.

The themes of the four sessions of the workshop and the respective

lectures are as follows:

Session 1. Quantum Control and Dynamics

The central topics discussed were

– Quantum control of the alignment and orientation of polar

molecules;

– Quantum chaos;

– Laser-driven models in quantum computing systems.

Arne Keller’s treatment of Control of the Molecular Align-

ment or Orientation by Laser Pulses and the contribution on

Quantum Computing and Devices : A Short Introduction by
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Zhigang Zhang, Viswanath Ramakrishna, and Goong Chen as

well as Hans-Rudolf Jauslin’s and Dominique Sugny’s account

of Dynamics of Mixed Classical-Quantum Systems, Geometric

Quantization and Coherent States are the three book chapters

that originated in this session.

Session 2. Operator Algebras in Quantum Information

The discussions focused mostly on

– Entropy in quantum channels and the problem of additivity

of quantum capacity;

– Stability of quantum algorithms in the presence of external

noise;

– Entanglement of multipartite and infinite systems.

These topics are covered in another three book chapters: Quan-

tum Memories as Open Systems by Robert Alicki, Two Mathe-

matical Problems in Quantum Information Theory by Alexander

S. Holevo, and Dissipatively Induced Bipartitie Entanglement by

Fabio Benatti.

Session 3. Non-Equilibrium Statistical Mechanics

In their discussions the participants tried to answer the questions

– Is there a large deviation theory for quantum fluctuations?

– How can one construct non-equilibrium steady states?

Jan Dereziński’s essay on Scattering in Non-Relativistic Quan-

tum Field Theory is the book chapter for this session.

Session 4. Strongly Interacting Many-Particle Systems

The discussions addressed

– The theory of large atoms, molecules, and solids;

– The mathematical description of the radiation field and its

interaction with matter.

Volker Bach’s chapter on Mathematical Theory of Atoms and

Molecules deals with these matters.

This volume would not have been possible without the immense efforts

and contributions from the lecturers who agreed to prepare, present, and

then write up their lectures at the workshop. As the organizers for the

workshop, we would like to take this opportunity to thank all authors for

their hard work. We are confident that this volume conveys the exciting

atmosphere of all those stimulating discussions.
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We would also like to thank Prof. Louis Chen, Director of IMS, A/Prof.

Leung Ka Hin, the then Deputy Director of IMS, and Prof. K. K. Phua for

their strong encouragement and precious advice during all stages of plan-

ning and conducting this workshop. We are grateful to the Lee Foundation

and the Dean of the Faculty of Science, NUS, Prof. Andrew Wee, for their

generous financial support. Without the budget contribution from the Lee

Foundation, certain events — such as public talks and interaction sessions

held during the workshop — would not have been possible.

We are equally thankful for the clerical support provided by the IMS

secretariat, with special thanks to Agnes Wu and Claire Tan. During the

workshop Stephen Auyong, IT manager at IMS, rendered invaluable sup-

port to the participants. Many others have also contributed to the success

of the workshop. In particular, we would like to single out Evon Tan and

Bess Fang from CQT who took splendid care of so many errands.

January 2010 Huzihiro Araki

Kyoto University, Japan

Berthold-Georg Englert

CQT and Department of Physics

National University of Singapore, Singapore

Leong-Chuan Kwek

CQT, National University of Singapore

and Nanyang Technological University, Singapore

Jun Suzuki

National Institute of Informatics, Tokyo, Japan

Editors
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CONTROL OF THE MOLECULAR ALIGNMENT OR
ORIENTATION BY LASER PULSES

Arne Keller

Université Paris-Sud 11
Laboratoire de Photophysique Moléculaire

Bat 210, 91405 Orsay, France
E-mail: arne.keller@u-psud.fr

We review the motivations and recent theoretical and experimen-
tal progress in laser alignment or orientation of molecules in space.
We present a method to produce field free aligned or oriented linear
molecules using a succession of short laser pulses. The problem of ori-
enting molecules is an example of a unitary control problem in a Hilbert
space with infinite dimension. The originality of our method relies on a
precise construction of oriented quantum target states which maximize
the orientation in finite dimensional subspaces. Orientation at zero tem-
perature (pure state control) and of molecular thermal ensemble (mixed
state control) are investigated.

1. Introduction — Motivations

The problem of controlling the alignment or orientation of molecules in
space has attracted a fair amount of attention in the field of molecular
physics and chemical physics. In this introduction, we present the motiva-
tions for such studies and, and give some account of the progress.

First of all, we must define what we call molecular alignment and orien-
tation. In classical terms, aligning a molecular axis in space means to bring
an axis fixed in the molecular frame to a given fixed direction in the lab-
oratory frame. Orienting the molecule means that in addition to aligning,
we require that the orientation of the axis be fixed in the laboratory frame.
This last definition makes sense only if the molecule is not symmetric with
respect to a reflection on a plane orthogonal to the molecular axis we like
to orient. For instance, aligning a A − B linear molecule to a vertical axis
(in the laboratory frame) means to bring the axis joining the two atoms A

1
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and B to a vertical position. Orienting the molecule means that in addition
we require for instance that A is up and B down. In the quantum world we
are only allowed to speak in the sense of probability. We can define an an-
gular probability distribution P (θ, φ) where (θ, φ) are the spherical angles
(co-latitude and azimuthal angle, respectively) locating the molecular axis
with respect to the fixed laboratory frame axis. P (θ, φ)dΩ gives the proba-
bility to find the molecular axis in the dΩ = sin θdθdφ solid angle centered
on the (θ, φ) position. We can consider a molecule as aligned if its angular
probability distribution is mainly supported near θ = 0 and/or θ = π. If
in addition P (θ, φ) is mainly supported in the upper space only (θ ∈ [0, π

2 ]
and φ ∈ [0, 2π] for instance), we consider the molecule to be oriented.

1.1. Motivations

Why molecular alignment and orientation are important? In the following,
three examples in different areas of investigation are presented where the
control of the molecular alignment and/or orientations is a crucial point.

(1) Stereochemistry. Stereochemistry is the study of the influence of
the relative orientation of atoms and molecules on the outcomes of a
chemical reactions. To our knowledge, this is the first motivation to pro-
duce aligned or oriented molecule. Indeed, this idea goes back to the
1960s, when the first molecular beam machines were built, to produces
inelastic or reactive collisions. The development of the field of molec-
ular beam chemistry and reaction dynamics in the 1960s [1] invited
direct experimental study of the steric effect. The objective of those
experiments is to control the relative orientation of the reagent and
to measure its influence on the reaction probability. Several strategies
have been applied to produces oriented or aligned beams of molecules
whose presentation is deferred to the next section.

(2) Femtosecond optics. Nowadays the production of laser pulse with a
duration of about 10-100 femtosecond (1 fs = 10−15) can be achieved al-
most routinely in laboratory. Researchers would like to control precisely
the amplitude and phase of such pulses for practical applications and
also to compress them to sub-femtosecond durations. One line of inves-
tigation is based on the propagation of the laser pulse in a medium of
oriented molecules. The main idea is that carefully controlled molecular
rotational dynamics induces periodic change in the refractive index of
the propagation media, then inducing controlled phase and amplitude
variation of the laser pulse [2, 3].
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(3) High harmonic generation and molecular ionization. When
an atom or a molecule is irradiated with an intense (intensity about
1014 − 1015 W/cm2) infrared (wavelength � 800 nm) laser pulse, the
molecule can be ionized and can also emit coherent X-UV attosecond
light pulses. The accurate understanding of these processes requires
the alignment or orientation of the irradiated molecule. Furthermore,
recent experiments are exploring the possibility of reconstructing the
initial quantum electronic molecular state (molecular state tomogra-
phy) by observing the emitted light or the angular distribution of emit-
ted electrons [4–8]. Those experiments need carefully aligned or oriented
molecules.

1.2. Experimental methods

In this section, we give a brief survey of the methods that have been used in
laboratory to align or orient molecules. The first experiment with oriented
molecules was realized in 1965 by Kramer and Bernstein [1]. They used
an axially symmetric hexapole electrostatic field to focus molecular beams.
Symmetric top-like molecules traveling through the inhomogeneous electric
field of the hexapole follow sinusoidal trajectories and focus at a certain
point, depending on their rotational quantum state and the voltage on
the hexapole rods (see [9] for a detailed description of the technique). This
technique allows to obtain molecular beams in a given rotational state which
can be oriented. In fact, in these types of experiments, it is the molecule
angular momentum which is directly oriented and not the molecular axis.

Next, in the 1990s a “brute force orientation technique” was introduced
by Loesh and Remscheid [10] and independently by Friedrich and Her-
schbach [11]. This technique made it possible to carry out experiments on
oriented molecules not being symmetric tops as was necessary for applying
hexapole state selection method. This technique relies on the application
of an intense electrostatic field on rotationally very cold polar molecules
obtained in supersonic beams. The anisotropy of the Stark effect allows
molecules in the lowest few rotational states to be trapped in “pendular
states” and thereby confined to librate (oscillate about the field axis) over
a limited angular range.

In 1995, Friedrich and Hershbach [12] showed that an intense and non
resonant laser field is able to align a molecule, with respect to the polar-
ization of the laser electric vector, through the interaction between the oscil-
lating laser field and the induced molecular dipole moment. The induced
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dipole moment results from the interaction of the laser field through the
molecular anisotropic polarizability. The induced dipole moment interac-
tion can be described by a potential energy term V (θ) ∝ cos2 θ where θ
is the angle between the molecular axis and the laser electric field vector.
This potential presents a symmetric double-well with minima at θ = 0 and
θ = π. Because of the fast oscillations of the electric field this technique can-
not orient the molecule; it only produces alignment. The lower energy levels
correspond to the so called pendular aligned states. Later in 1999, Friedrich
and Hershbach proposed [13] to combine an electrostatic field with the laser
field to achieve molecular orientation in addition to alignment. The pen-
dular level induced by the laser field comes in nearly degenerate tunneling
doublet states of opposite parity. If the molecule is polar, the introduction
of a static electric field couples the two components of a doublet, inducing
tunneling and thus orientation. This idea has been implemented by Sakai
et al. recently [14]. At the same time another scheme was proposed by Dion
et al. [15] and refined by Guerin et al. [16]. It consists in using two lasers
with different frequencies ω and 2ω and different phases. An experimental
confirmation was performed by Ohmura et al. in 2004 [17].

All those schemes rely on a slow switching of the laser, inducing an
adiabatic passage from a pure rotational state of the free molecule to an
aligned or oriented pendular state of the molecule interacting with the field.
The alignment or orientation can then be maintained while the molecule
is interacting with the laser field. But the alignment and orientation is
completely destroyed when the laser field is switched off adiabatically. This
has the drawback that the intense laser field can modify the physics and/or
the chemistry and can constitutes an obstacle in some applications which
require free oriented molecules.

Hence, researchers have begun to focus on pulsed schemes which is the
opposite of the adiabatic case, the objective being to produce free (non in-
teracting) aligned or oriented molecules during sufficiently long time. The
first experimental demonstration of post pulse alignment was achieved by
Rosca-Pruna and Vrakking [18], and was followed by several other groups
(for a review see [19]). In these experiments a short laser pulse interacts
through the molecular polarizability, and creates a coherent superposition
of rotational eigenstates. Constructive interference of the component in
the wave packet, and thus alignment, occur shortly after the pulse and
repeat periodically in time. The molecular alignment can be detected by
a sudden dissociation of the molecule, in that case the angular distribu-
tion of the fragments reveals the alignment of the parent molecule. The
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molecular alignment can also be detected by non destructive spectroscopic
methods [20, 21]. These non-adiabatic schemes are interesting for appli-
cations of aligned molecules because it enables alignment under field free
conditions. For alignment based on a single short laser pulse, stronger align-
ment of a molecular sample is obtained by increasing the pulse intensity.
This approach is limited by saturation of the alignment itself, or by the
requirement that alignment pulse intensity must be kept below a threshold
corresponding to unwanted processes such as dissociation or ionization of
the molecule. The idea to use a train of laser pulses to control the molecular
alignment was first proposed by Averbukh and Arvieu [22, 23]. The goal
is to obatain better alignment or orientation efficiency with a lower laser
intensity in each pulse.

In this article we will attempt to summarize recent results concerning
the control of orientation or alignment of linear molecule by a train of laser
pulses. These results have been obtained in the collaboration between the
author and O. Atabek, D. Daems, C. M. Dion, S. Guerin, H. Jauslin and
D. Sugny [24–27]. The chapter is organized as follows: In section 2, we
present the model used to describe the molecule and its interaction with
the laser pulses. Section 3 is devoted to the control problem. We first try
to formalize the controls objectives and show how to build target quantum
states that corresponds to an aligned or oriented molecule. Then, we show
strategies to reach these target states with a train of laser pulses. Two
cases are envisaged: the control of a pure state, where the molecule can
be considered initially in the ground states (zero temperature). And the
control of a mixed state, where the molecule is initially in a mixed state
describing a thermal ensemble. Finally, we end with a conclusion and some
prospects.

2. The Model

2.1. The free molecule

We consider a linear molecule as a rigid rotor. This is of course an approxi-
mation, because a molecule posses many other degree of freedom than the
rotational one: electronic motion and vibrational motion which correspond
in general to higher frequency modes. These other degrees of freedom can
be safely ignored if we can consider that the molecule remains in its ground
electronic an vibrational quantum state. In our case, this implies that the
laser frequency used for the control is not equal to a transition energy
between theses modes.
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x

Fig. 1. Spherical angles defining the rotor position in space.

The position of the linear molecule in space is given by the spherical
angles (θ,φ) where θ is the co-latitude and φ the azimuthal angle (see Fig. 1).
The Hamiltonian of the free molecule corresponds to the rotational kinetic
energy:

H0 = BJ2 (2.1)

where B is the rotational constant which is related to the inertia moment I
of the molecule by B = 1

2I . J2 = J2
x +J2

y +J2
z , where Ji(i = x, y, z) are the

components in the laboratory frame of the angular momentum operator.
The eigenvectors |j,m〉 of H = BJ2 can be chosen as eigenstates of Jz with
eigenvalues m (H0 does not depend on φ). We have :

J2|j,m〉 = j(j + 1)|j,m〉,
Jz|j,m〉 = m|j,m〉, (2.2)

with j ∈ N and −j ≤ m ≤ +j. To a rotor energy Ej = Bj(j + 1) corre-
sponds 2j + 1 degenerated quantum states. In the (θ,φ) representation the
eigenvectors are represented by spherical harmonics: 〈θ, φ|j,m〉 = Yj,m(θ, φ)
and the Hamiltonian is the spherical Laplacian:

H0 = B

[
1

sin θ
∂

∂θ
sin θ

∂

∂θ
+

1
sin2 θ

∂2

∂φ2

]
, (2.3)

defined on the Hilbert space H = L2(S2).
The evolution operator U0(t, t0), solution of the Schrödinger equation:

i
∂

∂t
U0(t, t0) = H0U0(t, t0); U(t0, t0) = 11, (2.4)

which is periodic in t with period Trot = π
B . Trot is called the rotational

period.
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2.2. Molecule-laser interaction

2.2.1. Dipole moment interaction

If the molecule is not symmetric, it can interact with light through its
permanent dipole moment �µ. In that case the interaction Hamiltonian is
given by:

Vµ = −�µ · �E(t) = µE(t) cos θ, (2.5)

where �E(t) = E(t)�ez is the laser electric field which we consider as linearly
polarized in the z direction. The laser electric field is written as

E(t) = E(t) cosωt, (2.6)

where ω is the laser angular frequency and E(t) is the pulse envelope with
a typical duration τ . The propagation of a light pulse in vacuum requires
that ∫ ∞

−∞
E(t)dt = 0. (2.7)

In a typical laser pulse, the duration τ is much longer than the carrier
period TL = 2π

ω , as a consequence the electric field is almost symmetric
in space. It is clear that such a laser pulse cannot orient a molecule. It
has been shown [28, 29] that it is possible to generate very special pulses,
called half-cycle pulses, with a duration of the order of picosecond (10−15 s),
with a very highly non symmetric shape. This pulse shape can be divided
into two parts: The first part of the pulse is short and the amplitude of
the electric field can reach a large value. The time integral of the electric
field corresponding to this first part is not zero giving us the possibility to
orient the molecule. On the contrary, the second part of the pulse takes a
longer time but with a very low electric field, such that Eq. (2.7) is fulfilled.
The effect of this second part of the pulse on the molecule can be safely
neglected [30].

2.2.2. Polarizability interaction

If the molecule is symmetric (a homonuclear diatomic molecule for instance)
it cannot posses a permanent dipole moment. But the interaction with the
laser field can polarize the molecular electronic cloud giving rise to an in-
duced dipole moment: �µ(t) = ←→α �E(t) where ←→α is the molecular polar-
izability second rank tensor. For a linear molecule the induced �µ can be
decomposed into the sum of a component parallel to the molecular axe:
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µ‖ = α‖E‖ and an orthogonal component: µ⊥ = α⊥E⊥. The interaction
of the laser field with this induced dipole moment gives the interaction po-
tential: V (t) = −�µ(t) · �E(t) = −(←→α �E(t)) · �E(t). For a linear molecule, it
becomes: V (t) = −αE2(t) cos2 θ − α⊥E2(t), where α = α‖ − α⊥. In the
case where the laser pulse duration is long compared to the carrier period
TL [31, 32] and to the rotational period Trot, an effective interaction oper-
ator can be obtained by averaging V (t) over the period TL. In this way we
obtain the interaction Hamiltonian:

Vα(t) = −αE2(t) cos2 θ − α⊥E2(t), (2.8)

where only the laser pulse envelope plays a role. For a symmetric molecule,
only alignment makes sense, it is clear that such interaction in principle
can also align the molecule.

The time-dependent Hamiltonian describing the molecule interacting
with the laser field can be written as:

H(t) = H0 + Vµ(α)(t). (2.9)

2.3. Molecular states time dependent evolution

The evolution operator for the interacting molecule is the solution of the
Schrödinger equation:

∂

∂t
U(t, t0) =

[
H0 + Vµ(α)(t)

]
U(t, t0); U(t0, t0) = 11.

We note that the Hamiltonian (and the evolution operator) does not depend
on φ thus the quantum number m is conserved during the evolution.

We now consider two different cases depending on the initial molecular
state.

2.3.1. Pure state

We first consider the case where the molecular initial state is a pure state,
for instance if the temperature is low enough to ensure that only the ground
rotational state of the molecule is populated. In this case the initial state
is an element |ψ(t0)〉 ∈ H and its evolution from time t0 to t is given by

|ψ(t)〉 = U(t, t0)|ψ(t0)〉. (2.10)

If O is an observable, i.e a self adjoint operator on H, then we define the
expectation 〈O〉(t) of O in the state |ψ(t)〉 at time t as

〈O〉(t) = 〈ψ(t)|Oψ(t)〉. (2.11)
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2.3.2. Mixed state

For most molecules it requires very low temperature (less than 1 K) to
ensure that only the ground rotational state is populated. We thus con-
sider also the case where the initial state of the molecule is in a statistical
superposition of rotational states. In that case, the initial state at time t0
can be described by the density operator ρ(t0) which is a self adjoint posi-
tive operator on H, with tr[ρ(t0)] = 1. For an initial thermal ensemble at
temperature T the density operator is given by

ρ(t0) =
(
tr
[
e−βH0

])−1
e−βH0 , (2.12)

where β = 1
kT and k is the Boltzmann constant.

The time evolution of ρ from time t0 to time t is given by

ρ(t) = U(t, t0)ρ(t0)U−1(t, t0), (2.13)

we see that the evolution is unitary. We note that the spectrum of ρ(t) is
conserved during such an evolution, and that an initial mixed state remains
mixed during the evolution; it cannot be converted to a pure state.

The expectation 〈O〉(t) of an observable O in state ρ(t) at time t is given
by

〈O〉(t) = tr[ρ(t)O]. (2.14)

2.3.3. Sudden approximation

We consider short laser pulses, such that the pulse duration τ is very small
compared to the rotational period Trot. This condition is routinely achieved
in laboratory. Indeed typical molecular rotational periods are of the order of
several picoseconds and laser durations less than 100 femtoseconds are now
easily achievable. In that case, it can be shown [33, 34] that the evolution
operator U(t, t0), solution of Eq. (2.3), can be factored as

U(t > τ, 0) � e−iH0teiVµ(α)

= U0(t, 0)UV ,

where we have defined

Vµ(α) =
∫ +∞

−∞
Vµ(α)(t′)dt′, (2.15)
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more precisely,

Vα =
[
α

∫ +∞

−∞
E2(t′)dt′

]
cos2 θ ≡ Aα cos2 θ,

Vµ =
[
µ

∫ +∞

−∞
E(t′) cosωt′dt′

]
cos θ ≡ Aµ cos θ. (2.16)

2.4. Alignment or orientation characterization

To quantify the degree of molecular orientation or alignment two measures
are used.

2.4.1. Orientation

The molecular orientation will be characterized by the expectation 〈cos θ〉.
A perfect orientation is achieved if |〈cos θ〉| = 1. Here cos θ is considered
as an operator on H, and its matrix representation in the basis of free
molecular eigenstates |j,m〉 is tridiagonal. It can be written as

cos θ =
∑

j,|m|≤j

Cj,m [|j + 1,m〉〈j,m|+ |j,m〉〈j + 1,m|] , (2.17)

with Cj,m =
[

(j+1)2−m2

(2j+1)(2j+3)

] 1
2
. We note that free molecular eigenstates |j,m〉

are not oriented: 〈j,m| cos θ|j,m〉 = 0.

2.4.2. Alignment

To characterize the degree of molecular alignment, we use the expectation
〈cos2 θ〉. For free molecular rotational states 〈j,m| cos2 θ|j,m〉 
= 0 in par-
ticular 〈j = 0,m = 0| cos2 θ|j = 0,m = 0〉 = 1

3 .

3. Control

3.1. Control objectives

Our goal is to maximize the orientation or the alignment of the molecule,
more precisely we want to find a laser field such that the expectation
〈cos θ〉(tf ) or 〈cos2 θ〉(tf ) reaches its maximum value for some finite time tf .
In addition, we impose that at time tf when the orientation (or alignment)
reaches its maximum value the molecule has to be free, that is E(tf ) = 0.
This condition ensures that experiments using such oriented molecules will
not be perturbed by the orienting laser field. Furthermore, we would like
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to obtain an oriented (or aligned) molecule during long enough time. The
maximum achieved value for the orientation (or alignment) will be called
efficiency of the control. The time during which the orientation (alignment)
takes high enough value will be called persistence.

To show that indeed a control is necessary, we first compute the evolu-
tion of the orientation 〈cos θ〉(t) as a function of time t, after the interaction
with a single short pulse. The results of such a computation are presented in
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t/T
 rot
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-0.5
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0.5

1

<
c
o
s

A=0.5

A=1

A=1.5

A=3

Fig. 2. 〈cos θ〉 as a function of time in units of the rotational Trot period, for 4 values
of the amplitudes of the radiative coupling Aµ = 0.5, 1, 1.5, 3. The initial state is the
ground state |j = 0,m = 0〉 and a single pulse interacts with the molecule at time t = 0.

Fig. 2, for four values of the radiative coupling Aµ (see Eq. (2.16)). We note
that increasing Aµ first increases the maximum value reached by 〈cos θ〉,
but value of Aµ higher than 1.5 does not increase any longer the value of
〈cos θ〉. Orientation higher than 〈cos θ〉 = 0.7 cannot be reached with such
an intense single pulse. Furthermore, the increase of the radiative coupling
causes a decrease of the persistence. Indeed, if we take as a measure of the
persistence the time during which the value of 〈cos θ〉 is higher than 0.5,
we see that increasing Aµ from 1 to 3 decreases the persistence by a factor
of 3. This can be explained, by the fact that increasing the radiative cou-
pling increases the kinetic energy transfered to the molecule, inducing fast
rotation of the molecule.

In conclusion, to obtain good orientation during long enough time, a
single intense pulse is not sufficient. An alternative idea is to use a sequence
of short pulses and to optimize the delay and intensities of such pulses.



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 01-keller

12 A. Keller

In the sudden approximation the evolution operator corresponding to a
sequence of N short laser pulses at time tn(n = 0, 1, 2, . . . , N − 1) can be
written as

U(t > tN−1, 0) = e−iH0(t−tN )
N−1∏
n=0

eiH0(tn+1−tn)eiAn cos θ. (3.1)

We have at hand, N − 1 time delays (tn+1 − tn) and N amplitudes An, as
control parameters that can be optimized to achieve our objective.

But before we describe the control strategy, we first will define target
states that maximize the expectation 〈cos θ〉. Then in a second step we look
for laser pulse sequences that bring the molecule from their initial state to
the target state. We first consider the control for pure states and then we
envisage the case of mixed states.

3.2. Control at zero temperature — Pure state control

3.2.1. Target states

Zero temperature means that the initial state of the molecule is simply
the ground state |ψ0〉 = |j = 0,m = 0〉. Because the evolution is unitary,
the state remains pure during the time evolution. Furthermore, the z-axis
angular momentum projection m being conserved its value remains m = 0.
Thus, we look for a state |χ〉 ∈ H which maximizes 〈χ| cos θχ〉. But the
maximum value of 〈cos θ〉 is 1, and the state that realizes this bound is not
physically acceptable. It is not a smooth function of θ, or in other words it
corresponds to a molecule with an infinite kinetic rotational energy.

To define physically acceptable target states we proceed as follows. We
define the finite dimensional Hilbert H(jmax) as the complex linear span of
{|j,m = 0〉; j = 0, 1, 2, . . . , jmax}. We look for the state |χ(jmax)〉 ∈ H(jmax)

which maximizes 〈χ(jmax)| cos θχ(jmax)〉. This state, which we call the tar-
get state is simply the eigenvector of cos θ(jmax) with the highest eigenvalue
λ(jmax), where cos θ(jmax) is the restriction of the operator cos θ in theH(jmax)

finite Hilbert space. Of course this target state depends on the chosen di-
mension jmax for the H(jmax) Hilbert space. We can choose the value of
jmax so that the target state corresponds to a suitable oriented molecule.
In Fig. 3, we present the angular probability distribution P (θ, φ) defined as

P (θ, φ) =
∣∣∣〈θ, φ|χ(jmax)〉

∣∣∣2 =

∣∣∣∣∣∣
jmax∑
j=0

〈j,m = 0|χ(jmax)〉Yj,0(θ, φ)

∣∣∣∣∣∣
2

, (3.2)
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as a function of θ for three values of jmax, jmax = 1, 3 and 5. A good surprise
is that a very well oriented state is obtained with low value of jmax. Indeed,
the orientation expectation values 〈cos(jmax) θ〉 obtained in each case are:
〈cos(jmax) θ〉 = 0.57, 0.86 and 0.96, respectively.
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Fig. 3. Angular probability density P (θ, φ = 0)/P (0) in polar coordinate for the target
state (see Eq (3.2)) as a function of θ, for three value of jmax. (a) jmax = 1, (b) jmax = 3
and (c) jmax = 5.

To evaluate the orientation persistence of these target states we have sys-
tematically calculated the free evolution of these target state |χ(jmax)(t)〉 =
U0(t, 0)|χ(jmax)〉 and computed their orientation expectation 〈cos θ〉(t) =
〈χ(jmax)(t)| cos θχ(jmax)(t)〉 as a function of time. In Fig. 4 the time evolu-
tion of 〈cos θ〉(t) is presented for jmax = 1, 3, 5. As we have noted previously,
we see that as jmax increases the persistence decreases. But for jmax = 5
the orientation remains greater than 〈cos θ〉 = 0.5 during more than than
10% of the rotational period, this can correspond to several picoseconds
for a usual molecule. In Fig. 5, we present the target states efficiency and
persistence for values of jmax ranging from jmax = 1 to jmax = 12. The per-
sistence is defined as the time during which the orientation remains greater
than 〈cos θ〉 = 0.5. We see clearly in this figure that while jmax increases,
the orientation increases but the persistence decreases. To choose the value
of jmax, a compromise must be made. We choose jmax = 5 as a good com-
promise. The same method for building target states for the alignment
control purpose can be applied, by replacing cos θ by cos2 θ. We are confi-
dent that the same approach can also be applied to other control problems
in an infinite dimensional Hilbert space, where the goal is to maximize the
expectation of an observable. We emphasize that this way of determining
the target state does not depend on the characteristics of the molecule.
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Fig. 4. 〈cos θ〉(t) as a function of time, for 3 target states corresponding to the value
of jmax = 1, 2, 3. The initial state is the corresponding target state and the evolution is
the free evolution computed with U0(t, 0).
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Fig. 5. Target states orientation 〈cos θ〉 (in blue and left vertical axis) and persistence
(in red and right vertical axis) as a function of jmax. The persistence is defined as the
time during which the orientation remains greater than 〈cos θ〉 = 0.5, and is given in
unit of the rotational period Trot.

Now that we have precisely determined the target state, we want to
find a control strategy to reach this target state form the molecular ground
state.
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3.2.2. Open questions

Before we discuss any details of the strategies used to control the orienta-
tion, we present some open questions that are both of mathematical and
physical interest. At first sight, in our context, the control objective can be
formulated as:

For a given target |χ(jmax)〉, is it possible to find two finite sequences,
τn and An, such that∣∣∣∣∣

〈
χ(jmax)

∣∣∣∣∣
N−1∏
n=0

e−iH0τneiAn cos θ

∣∣∣∣∣j = 0

〉∣∣∣∣∣ = 1.

This might be too demanding. Indeed, the infinite dimensionality of the
Hilbert space H makes it very difficult to achieve such a task. We can
reformulate the objective in the following less demanding way:

For a given target state |χ(jmax)〉 and for a given ε, are there two finite
sequences, τn and An, such that

1−
∣∣∣∣∣
〈
χ(jmax)

∣∣∣∣∣
N−1∏
n=0

e−iH0τneiAn cos θ

∣∣∣∣∣j = 0,m = 0

〉∣∣∣∣∣ < ε .

If the answer to this question is positive, then we can further ask: how
many kicks are needed to reach the target state within ε.

Because, we do not have answer to theses questions we must proceed
by doing numerical experiments.

3.2.3. Strategy of maxima

This strategy consists in applying a laser pulse each time
∣∣〈χ(jmax=5)|ψ(t)〉∣∣

reaches a global maximum over a rotational period. In Fig. 6, we present the
evolution of

∣∣〈χ(jmax=5)|ψ(t)〉∣∣2 as a function of time t, under such strategy.
We see that after ten laser pulses the target state is almost reached. The
target state is not exactly reached because of the infinite dimensional nature
of the Hilbert space. To evaluate the robustness of this strategy, we have
made calculations with different laser amplitudes Ao ± 20% but with the
same time delays. The numerical results are presented in Fig. 7, showing
that this strategy is indeed robust.

3.2.4. Optimization with an evolutionary algorithm

For experimental applications, the control of more than 2 or 3 pulses be-
comes a difficult task. Hence, we look for a solution with only two laser
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Fig. 6. Strategy of maxima. Bottom panel:
∣∣〈χ(jmax=5)|ψ(t)〉∣∣2 as a function of time t

in unit of rotational period Trot. Top panel: 〈cos θ〉(t); the horizontal dashed line repre-
sent the value of 〈χ(jmax=5)| cos θχ(jmax=5)〉. The dashed line corresponds to numerical
calculation in the 6 dimensional Hilbert space H(jmax=5). The solid line corresponds to
calculation in a higher dimensional space. The initial state is |j = 0, m = 0〉. A pulse is
applied each time

∣∣〈χ(jmax=5)|ψ(t)〉∣∣ reaches a global maximum over a rotational period.
The laser amplitude Ao = 1 for all pulses and ten pulses are used.
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pulses, and optimize the delay and laser amplitudes in order to maximize
supt∈[0,Trot]

∣∣〈χ(jmax=5)|ψ(t)〉∣∣2. The optimization was done with an evolu-
tionary algorithm. The result is presented in Fig. 8, which shows that a
very satisfactory solution is obtained. Indeed, the target state is almost
reached, the maximum value being

∣∣〈χ(jmax=5)|ψ(t)〉∣∣2 = 0.9887 with pulses
amplitudes given by Ao = 0.9741, 3.2930 and a time delay between the two
pulses equal to 0.2419× Trot. The orientation reaches almost its maximal
value in H(jmax=5) Hilbert space. In conclusion, we have successfully found
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Fig. 8. Time evolution of the orientation (top) and
∣∣〈χ(jmax=5)|ψ(t)〉∣∣2 (bottom) with

two laser pulses, where time delay and amplitudes has been optimized. The horizontal
line represent the highest orientation value reachable in the H(jmax=5) Hilbert space.

a very simple solution to the problem of orienting a linear molecule at zero
temperature, with only two laser pulses. The steps to find this solution was:

• Define a finite dimensional Hilbert space where the dynamic is approxi-
mated.
• Define a target state space which maximize our objective in this finite

dimensional Hilbert space.
• Find a strategy to reach the target state from the initial state.

The problem is that in current laboratory experiments, the temperature is
higher than the rotational energy, hence molecules cannot be considered as
being initially in their ground state. In the next section we will see how to
adapt the present scheme for a non zero temperature.
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3.3. Control of a thermal ensemble — Mixed state control

We now consider a thermal ensemble initially described by the following
density operator ρ0:

ρ0 =
1
Z
e−βH0 =

1
Z

∞∑
j=0

+j∑
m=−j

e−βBj(j+1)|j,m〉〈j,m|, (3.3)

where

Z = tr
[
e−βH0

]
=

∞∑
j=0

(2j + 1)e−βBj(j+1) (3.4)

and β = 1
kT with k being the Boltzmann constant.

The eigenvalues of ρ0 given by 1
Z e

−βBj(j+1) are (2j + 1)th degenerated,
since they do not depend on m. Hence, the finite H(jmax) Hilbert space that
we will use to define the target states is now defined as the linear span
of {|j,m〉; j = 0, 1, 2, . . . , jmax and |m| < j}. The dimension of H(jmax) is
given by:Njmax =

∑jmax
j=0

∑j
m=−j 1 = (2j+1)2. We note that contrary to the

zero temperature case the minimal dimension Njmax required to represent
accurately our system will be determined by the temperature T .

3.3.1. Target states

As for the zero temperature case we look for a state ρopt which maximizes
〈cos θ〉 in the space H(jmax). But now ρopt is a density operator and the
expectation 〈cos θ〉 is given by 〈cos θ〉 = tr[ρopt cos θ]. We also require that
ρopt must be reachable from the initial state ρ0. This implies that ρopt

must be unitarily equivalent to ρ0; i.e there exists a unitary operator U in
H(jmax) such that ρopt = U−1ρ0U . Hence, ρopt has the same spectrum as
ρ0. The density operator ρopt fulfilling these properties is represented by
a diagonal matrix in the eigenbasis of the cos θ(jmax) operator, and can be
written as [35]

ρopt =
Njmax∑
n=1

|χn〉ωn〈χn|, (3.5)

with ω1 ≤ ω2 ≤ · · · ≤ ωN being the eigenvalues of ρ0 (ωn = 1
Z e

−βBjn(jn+1))
ordered in the same way as the eigenvalues χ1 ≤ χ2 ≤ · · · ≤ χN correspond-
ing to eigenvectors |χn〉 of cos θ(jmax).

One problem remains, i.e., ρopt is in fact not reachable from ρ0 with the
dynamics induced by the U(t, t0) evolution operator, indeed U(t, t0) cannot
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change the quantum number m. We have taken care about the kinemat-
ical constraint ρopt = U−1ρ0U , but we have not taken into account the
dynamical constraint coming from the specific chosen dynamics, which in-
volves linear polarized laser pulses. To take into account this constraint, we
split the H(jmax) Hilbert space as H(jmax) = ⊕m=jmax

m=−jmax
H(jmax)

m where each

H(jmax)
m is the linear span of {|j,m〉; j = |m| , |m|+1, |m|+2, . . . , jmax}. Cor-

respondingly, the target state can be written as ρ(jmax)
t = ⊕m=jmax

m=−jmax
ρ
(jmax)
m

where each ρ(jmax)
m is a density operator defined in the same way as ρopt by

Eq. (3.5) but in H(jmax)
m . Physically, we may say that ρopt corresponds to

an optimal state where the laser polarization has not been specified and ρt

corresponds to the target state that can be reached with a linear polarized
laser.

As for the zero temperature case we can calculate the efficiency and
persistence of theses target states as a function of jmax (see Fig. 5). The
results for a temperature T = 5 K and a rotational constant B such that
βB = 5 which corresponds to the LiCl molecule, are presented in Fig. 9.
In this figure, we see that contrary to the zero temperature case, higher
jmax’s are needed to achieve a good orientation, and consequently with a
lower persistence. Nevertheless, with jmax = 6 we obtain 〈cos θ〉 = 0.7 and a

T=5K

Fig. 9. Orientation (squares and left vertical axis) and persistence (circles and right
vertical axis) in unit of rotational period as a function of jmax for the optimal target
states ρopt (solid line) and the target states ρt (dashed line) corresponding to a linear

polarized laser. The temperature is T = 5 K and B
kT
� 0.2.
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persistence of 0.08Trot which is satisfactory. Another surprising result is that
the efficiency and persistence corresponding to ρopt and ρt are almost the
same. This implies that considering linear polarized laser pulses is enough
for our purpose; we cannot achieve better orientation with anymore com-
plex polarization scheme. We emphasize that this result has been obtained
without any dynamical simulation, but just by a detailed characterization
of the target states. The effect of the temperature on the orientation of the
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Fig. 10. Target states angular probability distributions for 2 temperatures T = 5 K
(top), T = 10 K (bottom) and for jmax = 5 (left) and jmax = 7 (right).

target states can be seen in Fig. 10, where we have plotted the angular
probability distribution P (θ, φ = 0) for two temperatures T = 5 K and
T = 10 K, P (θ, φ) being defined as:

P (θ, φ) =
∑

jm,j′m′
Y ∗

jm(θ, φ)Yj′m′(θ, φ)〈j,m|ρt|j′,m′〉 . (3.6)
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Fig. 11. Efficiency (square and left axis) and persistence (circle and right axis) in unit
of Trot for the target states ρt as a function of jmax for three temperatures: T = 2.5 K
(dashed line), T = 5 K (solid line) and T = 10 K (dashed-solid line). We see here that
as in the case of zero temperature, the efficiency increases and the persistence decreases
when jmax increases. Furthermore, we note that the efficiency decreases with the tem-
perature but that the persistence, if defined as the time during which the orientation
remains higher than half its maximal value, does not depends on the temperature.

We have studied numerically the efficiency and persistence of target states
as a function of jmax and temperature, for a molecule like LiCl where
B � 1 K. The results are presented in Fig. 11. They show that, as in the case
of zero temperature, the orientation increases and the persistence decreases
when jmax increase. In addition, we see that the orientation decreases when
the temperature increases but the persistence almost does not depend on
the temperature. Here the persistence has been defined as the time during
which the orientation remains at half of its maximum value.

We have to concede that at high temperature it is nearly impossible to
orient a thermal ensemble of linear molecules under unitary evolution; low
temperature is required. The possibility to implement non unitary evolution
(dissipative evolution) will be discussed in the conclusion section. Neverthe-
less, for a molecule such as LiCl at temperature T = 5 K (βB = 0.2), which
is feasible in laboratory using a molecular supersonic beam, we can choose
as a good compromise between orientation and persistence the target state
corresponding to jmax = 6. Indeed, this gives us an orientation 〈cos θ〉 � 0.7
and a persistence of 0.08× Trot.
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Fig. 12. Strategy of maxima. 〈cos θ〉 (top) and
tr[ρ(t)ρjmax=6

c ]
‖ρc)‖2 (bottom) as a function of

time in units of the rotational period Trot. The thick horizontal line indicate the optimal
value 〈cos θ〉 in Hjmax=6. Instants at which short laser pulses occur are indicated in the
bottom panel. The temperature is T = 5 K. The molecule is LiCl with a rotational
constant such that βB � 0.2. The dashed line corresponds to an evolution calculated in
the restricted Hilbert space H(jmax=6) and the solid line is for an evolution in a higher
dimensional Hilbert space. We have taken care of comparing the time propagation in
the restricted Hilbert space H(jmax) and in a higher dimensional Hilbert space. The two
evolutions are very similar thus showing that states outside H(jmax) plays only a minor
role.

3.3.2. Strategy of maxima

We apply the same strategy of maxima that we have used in the zero
temperature case. The distance between the system actual state ρ(t) and
the target state ρc is evaluated using the Frobenius norm ‖A‖ =

√
tr[A†A],

where A† is the adjoint of A. ‖ρ‖2 is also called purity of the system when ρ
is a density matrix. Because under unitary evolution the purity is conserved,
it is equivalent to consider the “overlap” S(t) = tr[ρ(t)ρc]

‖ρc)‖2 as a measure of
distance between ρ(t) and ρc. Hence, we apply the strategy which consists
in applying a laser pulse each time the free evolution of S(t) reaches a global
maximum over a rotational period. The results of such strategy are shown
in Fig. 12, for a temperature of T = 5 K for the LiCl molecule and with
the target state corresponding to jmax = 6. We see that the target state is
almost reached with 15 pulses with equal amplitudes Ao = 1.
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4. Conclusion

We have presented a general method to control the alignment or orientation
of a molecule by successive laser pulses. This control problem corresponds to
a unitary control of pure or mixed states in an infinite dimensional Hilbert
space. The originality of the method relies on a precise definition of tar-
get states which represent the objectives of the control. These target states
are defined in a finite dimensional Hilbert space. As a consequence, the
controlled dynamics that bring the initial state to one target state must
restrict approximatively the system evolution in a finite dimensional space,
with good accuracy. We think that this works with molecular rotational
states, mainly because the energy spacing increases linearly when the state
energy increases. It would be interesting to investigate if the method pre-
sented here can be applied to other systems or other degrees of freedom,
which do not posses such a property.

The method presented here to orient molecule relies on the use of tera-
hertz coherent pulses, the so called half cycle pulses [28, 29]. Until now, no
experimental implementation of this scheme has been realized, which might
be due to the difficulty to produce and manipulate such pulses. Recently,
Sugarawa et al. [36] have proposed a method to orient molecule which com-
bines the adiabatic and the pulsed method. The oriented state is reached by
switching on adiabatically the laser field in the presence of a static field, but
the laser is then switched off suddenly (in less than 200 fs). This method
allows to obtain field-free oriented molecules. This theoretical proposal have
been demonstrated experimentally by Goban et al. [37].

We have presented only the unitary control problem. We have shown
that even with complex polarization scheme, very cold molecular ensembles
are needed to obtains well oriented molecules. This is due to the fact that
thermal mixed oriented target states are less oriented than pure target
states, and that the unitary evolution cannot transform a pure state to
a mixed state. It is natural then to investigate the non-unitary control
problem. Physically, we can think of a molecule interacting with a gas
buffer or in a liquid. The first attempt to address the molecular alignment or
orientation dissipative control is due to Ramakrishna and Seideman [38–40].
The generalization of the method presented here to build target states in
the case of dissipative control has been done by D. Sugny et al. [41]. The
conclusion is that the presence of the dissipative medium is an obstacle
to the orientation. It is not possible to purify the molecular state if the
interaction with the dissipative medium is not controlled.
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Quantum computation is a new interdisciplinary research enterprise
involving physicists, mathematicians, computer scientists and engineers.
In this chapter, we give a quick introduction of the subject. Three funda-
mental principles of quantum informatics: superposition, entanglement
and reversibility, are described first. The quantum devices of cavity-
QED and optical lattices, as candidates for quantum computing gates
are introduced next. Finally, we offer an algebraic treatment by con-
jugacy to obtain some results on universal quantum gates by explicit
conjugation.
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1. Introduction

The design and construction of the future quantum computer is an ex-
citing development of the twenty-first century. This is a new interdisci-
plinary field, involving physicists, mathematicians, computer scientists and
engineers. Here, we will attempt to give a short course of the basics of
quantum computing, with somewhat more emphasis on the mathematical
aspects. Much of the material in this chapter is scattered but available in
the literature.

Two book sources on quantum computing are:

(i) A general introduction to quantum computation and quantum infor-
mation by Nielsen and Chuang [28], and

(ii) A book with emphasis on quantum computing devices, by Chen,
Church, Englert, Henkel, Rohwedder, Scully and Zubairy [10].

In recent years, more books on quantum computing have been published,
at a rapid rate and too many for us to mention here. Also, the number of
research articles appear at an ever accelerating speed. No matter how well
intentioned and planned we (or any other authors) wish to present an up-
to-date introductory or survey paper on the topic of quantum computing,
we must profess that our knowledge is actually quite limited. Nevertheless,
we do hope that this article serves some useful purpose for the interested
readership. The organization of the chapter is made as follows:

(1) In Section 2, we explain three of the fundamental principles of quan-
tum information science: superposition, entanglement and reversibility,
following essentially [10] and [11].

(2) In Section 3, we introduce the mathematical modeling of quantum com-
puting devices. Some recent development has been included.

(3) Section 4 contains original material. Partial success of a unifying treat-
ment for universality of quantum gates has been achieved.

2. A Brief Historical Account, Motivation, and
Three Fundamental Principles of Quantum Computing

Quantum information science has a relatively short history. The cele-
brated physicist R. P. Feynman talked about simulating physics with com-
puters [18] in 1982. Actually two years earlier, in 1980, P. Benioff, another
physicist at the Argonne National Lab near Chicago, already published an
article [2] introducing a quantum Turing machine model. Further, in the
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mid and late 1980s, D. Deutsch published his papers [14, 15] formulating
concrete approaches and introducing a quantum circuit model.

This topic of quantum computing has begun to grow and attract
researchers’ attention. But a major breakthrough, in the form of a “killer
app,” due to the mathematician P. Shor, then at the Bell Labs, published
his quantum factoring algorithm during the mid-1990s [36]. It has really
generated tremendous enthusiasm in the scientific community for quantum
computing and make the field blossom. Shor’s algorithm utilizes quantum
computers’ peculiar properties of superposition and entanglement in quan-
tum mechanics to achieve massive parallelism and unprecedented speedup.
Such properties do not have any classical analogues and, thus, quantum
computers have the potential to execute certain special tasks “exponen-
tially faster” than classical computers.

On the hardware front, the computer industry will soon be facing one of
its greatest challenges — the end of Moore’s Law. G. E. Moore, a co-founder
of Intel, observed the empirical law that the number of transistors that can
be built into an integrated circuit doubled every 18 months and at half
the cost. (Actually, he said 24 months instead of 18 months.) Such efforts
to miniaturize microchips in electronics, if continue to be successful, will
allow nine or ten more doublings and hit a brick wall in 20 to 25 years. The
transistors built into the chip will be of the size of several atoms, and the
current semi-conductor technology will not permit the size to be reduced
further. Microelectronics is inevitably moving into nanoelectronics. There-
fore, the development of quantum information science and quantum com-
puting technology most surely constitutes the future of information science
and technology. It has also become the major impetus to the development
of new general quantum technologies, which, since the invention of the laser
during the 1950s, have changed nearly every aspect of life for the modern
human being.

From the historical perspective, the infrastructure and foundation for
quantum computing were built more than half a century earlier. The follow-
ing three profound events actually constitute the most important preludes
that paved the way for the development of a modern quantum computer
(QC):

(1) The Stern-Gerlach experiment (1920s);
(2) The Einstein-Podolsky-Rosen (EPR) paper [17] (1935) and its reply

from Schrödinger [31];
(3) The Landauer principle on information erasure [25] (1961).
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Fig. 1. A beam of spin-1/2 particles is sent through an inhomogeneous magnetic field.
The magnetic field is strongly increasing in one direction; let’s call this privileged “z”
direction. Each such particle has a spin magnetic moment. The inhomogeneous magnetic
field causes the particles to be deflected, 1/2 of them up and 1/2 of them down, totally
separated rather than in a continuous distribution, and thus measures the magnetic
moment of the particle and shows that the spin is discrete and (spatially) quantized.

2.1. Spins, the Stern-Gerlach experiment and superposition

Spin refers to intrinsic angular momentum possessed by particles such as
individual atoms, protons, or electrons. It is particularly important in quan-
tum mechanics for systems at atomic length scales or smaller.

The fact that electrons have spins was first discovered in the celebrated
Stern-Gerlach experiment, named after the German physicists Otto Stern
and Walther Gerlach, in 1922 on deflection of silver atoms. The story can
be read in an interesting recent account by Friedrich and Herschbach [19],
where it was pointed out that if it were not due to the cheap cigars that
the two poor burgeoning physicists Stern and Gerlach were smoking, the
split silver atom beams hitting the screen might never have been recorded.

The general concept of elementary particle spin was first proposed in
1925 by R. Kronig, G. Uhlenbeck, and S. Goudsmit [20, 21, 38]. Electrons
are “spin-1/2” particles because their intrinsic spin angular momentum has
s = 1/2. Other elementary spin-1/2 particles include neutrinos and quarks.
On the other hand, photons are spin-1 particles, i.e., s = 1.

The physical setup of the Stern-Gerlach experiment as shown in Figure 1
will be called a Stern-Gerlach apparatus (SGA) from now on. The particles
whose trajectories are in the upper and lower split beams are said to have
spin-up and spin-down, denoted by | ↑〉 and | ↓〉, respectively.

Thus, the SGA demonstrates a basic, intrinsically quantum property of
spins of elementary particles. (Nevertheless, we need to say that there is
no Stern-Gerlach experiment for electrons or protons because they carry
electric charges and the Lorentz force will deflect them differently.)
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Fig. 2. A beam B of atoms is split by an SGA1, resulting in two split beams B1 and
B2. Now let the upper beam B1 pass through a “direction rectifier” R. The function of
R is to straighten the direction of B1 to that of the original B.

Now, let us modify the SGA slightly, so that a split beam can propagate
along the same direction (parallel to that) of the original beam; see Figure 2.

From Figure 2, we see that we have an exit beam B1 propagating along
a direction parallel to that of the original beam B. The intensity of B1 is
1/2 of the original B. Now, consider three possible actions on the beam B1:

(i) Apply to B1 an SGA
//

, aligned in exactly the same direction as SGA1;
see Figure 3(a).

(ii) Apply to B1 an SGA⊥ aligned in the direction perpendicular to SGA1;
see Figure 3(b).

(iii) Apply to B1 an SGAθ aligned in a direction forming an angle θ with
respect to the direction of alignment of SGA1; see Figure 3(c).

If we write the spin-up | ↑〉 and spin-down | ↓〉 states, respectively, as
quantum bit (qubit) states |0〉 and |1〉. Then the experiment in Figure 1
indicates that atoms in the beam are representable in the form of a linear
combination, i.e., superposition

1√
2
(|0〉+ |1〉),

where the factor 1/
√

2 is a normalization factor in order to achieve a unit
L2-norm (as |0〉 and |1〉 are two orthogonal states).

Indeed, the experiments in Figure 3(c) indicate that a more general
superposition can be of the form

1√
2

(
cos

θ

2
|0〉+ eiφ sin

θ

2
|1〉
)
, (2.1)
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Fig. 3. Consider the exit beam B1 from the configuration as in Figure 2. We now let
B1 pass another SGA as set up in the upper right of (a), (b), (c) above:

(a) For SGA
//

whose alignment is identical to SGA1, the beam B1 is deflected upward
to B′

1, and the beam does not split.
(b) For SGA⊥, the beam B1 splits into a left beam B1,� and a right beam B1,r , with
the same intensity.
(c) For SGAθ , the beam splits into two beams B′

1,1 and B′
1,2; one of them has intensity

cos2 θ
2
, the other has sin2 θ

2
, where θ is the angle of the alignment of SGAθ relative to

that of SGA1.

i.e., spin states |0〉 and |1〉 can have different weights cos2 θ
2 and sin2 θ

2 as
well as a phase factor eiφ where the phase factor φ makes the superposi-
tion complex. The appearance of φ is not obvious from the experiments in
Figure 3. However, we can point out that in many natural quantum system
operations or evolutions, a so-called Rabi oscillation naturally occurs, which
will make a quantum state take a complex form such as in Equation (2.1).
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The above discussions applying SGAs to a particle beam can be reduced
to the case where only a single particle (e.g., a silver atom) is emitted from
the particle gun. Then what we observe is that the single particle has spin-
up with probability 1/2, and spin-down with probability 1/2. This can be
done experimentally by using detectors catching and then counting the
particles in the directions of B′

1,1 and B′
1,2. As a matter of fact, in general

depending on how this particle was “prepared,” Equation (2.1) shows that
the probabilities of spin-up can range from 0% to 100%.

2.2. Entanglement and the Einstein-Podolsky-Rosen (EPR)

Problem

A much more complicated situation arises when we deal with two particle
spins or other types of arrangements when they are correlated. This is the
important entanglement case, a scenario arising, e.g., in an atomic decay
problem where two correlated particles are emitted almost simultaneously.

In 1935, Einstein, Podolsky and Rosen (EPR) [17] drew on this special
quantum entanglement phenomenon to show that measurements performed
on spatially separated parts of a quantum system can have an instan-
taneous effect on each other, constituting a paradoxical so-called “non-
local behavior”. Indeed, EPR’s elegant presentation of the entanglement
(Schrödinger’s word) is the basis for the Bell inequality, as well as much of
the stuff of modern quantum mechanics such as quantum teleportation and
quantum dense coding, etc.

We set the stage as follows. Consider a 2-atom molecule (called a
dimer) such as H2, i.e., the hydrogen molecule consisting of two hydro-
gen atoms, with a combined zero angular momentum of spin. We know
that the hydrogen atom has a single electron (with a nucleus consisting of
a single proton). In the dimer H2, because of the Pauli exclusion principle,
the combined spins of the two electrons in H2 (in its ground state) must be
antisymmetric, in a so-called spin-singlet configuration:

1√
2
(| ↑1↓2〉 − | ↓1↑2〉); equivalently,

1√
2
(|01〉 − |10〉), (2.2)

where, e.g., the term |01〉 represents the tensor product |0〉 ⊗ |1〉, and the
subscripts 1 and 2 in (2.2) denote, respectively, the spins of particles 1 and
2. The state in Equation (2.2) is an entangled state, i.e., we cannot have a
factoring

1√
2
(|01〉 − |10〉) = x⊗ y,
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Fig. 4. A dimer, such as H2, is disintegrated. One particle moves to the left, and the
other to the right. We align an SGA along the z-axis and the x-axis, respectively, in (a)
and (b). In (a), if the left particle is detected to be spin-up on the screen, then the right
particle must be spin-down, | ↓〉. In (b), if the left particle is detected in spin-right, then
the right particle must be spin-left, | ←〉.

for any single-spin states x and y. Equation (2.2) implies that if we measure
the spin of particle 1 to be ↑ (equivalently, 0), then that of particle 2 will
be ↓ (equivalently, 1), and vice versa.

At time t = 0, we disintegrate the dimer but do not disturb the spins
in any way. Then the two broken-up parts move off to opposite directions.
See two experimental arrangements in Figure 4(a) and (b).

From the experiments depicted in Figure 4, EPR argue that: “Since at
the time of measurement the two systems no longer interact, no real change
can take place in the second system in consequence of any thing that may
be done to the first system. This is, of course, merely a statement of what
is meant by the absence of any interaction between the two systems.”

To give a concrete mathematical resolution of this paradox, Bell pro-
posed a verifiable inequality that any theory which satisfies realism and
locality should satisfy. Specifically consider the following thought experi-
ment. C prepares two particles, one of which he sends to A (Alice) and



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 02-chen

Quantum Computing and Devices: A Short Introduction 35

the other to B (Bob). A, upon receipt of her particle, performs one of two
measurements randomly on her particle. Call these measurements Q and
R (each performed with probability 1

2 ). Similarly B performs one of two
measurements S or T , each with probability 1

2 on his particle. All these
four measurements take only the values +1 or −1. We make the following
two assumptions about the experiment:

Realism: The physical properties which the above measurements seek to
explore exist independent of observation.

Locality: A’s measurements on her particle has no influence on the out-
come of B’s measurements on his particle and vice-versa.

We now give a rather concise discussion. A somewhat more detailed
description may be found in [39], and the original technical source is [12].
Under these assumptions it can be shown that

E(QS +RS +RT −QT ) ≤ 2,

where E is the probability expectation. The above inequality is called both
the CHSH inequality (named after the four authors of [12] and (one of)
Bell’s inequalities. Now consider a quantum system of two qubits prepared
in the state

|ψ〉 =
1√
2
(|01〉 − |10〉).

Let the first qubit be sent to A and the second to B. Let their corresponding
measurements be Q = σz ⊗ I2, R = σx ⊗ I2, S = − 1√

2
I2 ⊗ (σz + σx),

T = 1√
2
I2 ⊗ (σz − σx), where σx and σz are the standard Pauli matrices

(see Subsection 3.2) and I2 is the 2× 2 identity matrix.
Then a straightforward calculation shows that

E(QS +RS +RT −QT ) = 2
√

2 > 2.

Thus this system violates the CHSH inequality. Thus, at least one of real-
ism and locality must be violated. Subsequent experimental evidence has
vindicated the actual violation of Bell type inequalities.

There is a lesson drawn from the EPR problem: Statements such as
“particle 2 is in the spin-down state | ↓2〉” already before particle 1 is found
in the spin-up state | ↑1〉 are meaningless. The property of being a pure-
state spin-up particle, say, is not possessed by particle 2 before an up/down
measurement on particle 1 has found it spin-down. This is quite analogous
to the situation discussed in the quantum eraser ([32, 33]).
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The EPR paper suggested that quantum mechanics was incomplete or
only a kind of partial theory. That is, just as thermodynamics is a gross
(macroscopic) theory of the underlying statistical mechanics, perhaps there
are deeper hidden variables for which quantum mechanics plays the role
of a kind of “macro-cover theory” (in the spirit of thermodynamics). In
particular, Einstein hoped that quantum theory could be supplemented by
some additional “hidden” variables.

As another consequence, we have deduced that there are nonlocal corre-
lations in the real world. Hence there are no local hidden variable theories.

Let us argue a little bit more about “locality” and “causality” from
the EPR lesson. Consider the classical correlations of two balls in colors
of white and black, respectively. You take one at random, but do not look
at it and travel to the Moon, and leave the other one on Earth. The very
moment you look at the ball on the Moon, you know for sure that the other
on Earth has the opposite color! This does not imply that information is
flowing instantaneously from the Moon to the Earth, of course. The tricky
thing about spin-1/2 is that this argument holds for any orientation of
the SGA’s. Correlated measurements along up/down could equivalently be
described by the above classical correlations.

Another conclusion one draws from the above study which leads to the
violation of the CHSH inequality is that states such as these properties
which could conceivably be harnessed for quantum information processing
tasks. This is indeed correct. Such states (together with cleverly chosen
measurements) enable tasks such as teleportation, dense coding, crypto-
graphy (though the original quantum cryptography protocol BB84 does
not require such entangled states).

2.3. Reversibility and irreversibility, the Landauer principle

Calculations in electronic digital computers are done by logic gating oper-
ations based on the binary Boolean logic. The basic Boolean logic consists
of three Boolean operations: ¬ (NOT), ∧ (AND), ∨ (OR), as indicated by
the following tables.

Actually, we only need ¬ and ∧ two operations because

x ∨ y = ¬[(¬x) ∧ (¬y)],
and thus, the “OR” operation ∨ is expressible in terms of ¬ and ∧. Similarly,
the “AND” operation ∧ is expressible in terms of ¬ and ∨.

There are other operations such as “COPY,” defined as

COPY x = xx,
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Table 1. Truth tables for ¬ (NOT), ∧ (AND) and ∨ (OR). Note that
¬ is reversible, but ∧ and ∨ are not reversible.

(a)

x ¬x
0 1

1 0

(b)

x y x ∧ y
0 0 0

0 1 0

1 0 0

1 1 1

(c)

x y x ∨ y
0 0 0

0 1 1

1 0 1

1 1 1

“FAN-OUT”

x FO (multi-copies of the input    ),x

x
x

x
x

among others.
Now, we turn to a seemingly totally different topic of computer heating.

The design and operation of the modern electronic computer engenders seri-
ous heating of the machine which is a major problem. Such heat dissipation
often causes malfunctioning of the machine and is an obstacle to computer
circuits miniaturization; it has to be countered by expensive and sophisti-
cated cooling devices and facilities. During the early 1960s, researchers at
IBM, led by Rolf Landauer, took on this problem in the hope of designing
computers that are energy efficient and not plagued by overheating.

Historically, many scientists (including Brillouin and von Neumann) be-
lieved that there is an intrinsic cost involved in information processing, such
as the execution of a logic operation by CPU, the copying of information
from one memory medium to another, and the measurements of outputs
from information flow. For example, there is a so-called Szilard’s Principle,
which states that it is information gathering that requires an increase in
entropy. The finding of the IBM researchers was astounding: that belief
was actually a misconception. There is no intrinsic irreducible thermody-
namic cost required of information processing, acquisition and measure-
ment. However, the logical reversibility or irreversibility such as shown in
Table 1 determines whether there is a minimum cost associated with the
information processing. This is Landauer’s principle, often regarded as the
basic principle of the thermodynamics of information processing. It will be
stated more precisely in the following paragraphs.
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To explain why this is true will take too much space. Here let us just
try to offer some insights. We first recall some history of thermodynamics,
information theory and the second law of thermodynamics.

The second law of thermodynamics, first formulated by Rudolph Clau-
sius in 1850, states that the entropy of any totally isolated system not at a
thermal equilibrium will tend to increase with respect to time, approaching
a maximum value. Here, the entropy S is defined through its increment
dS by

dS =
dQ

T
, satisfying dS ≥ 0,

where dQ is the transfer in energy in the form of heat, and T is the tem-
perature.

For macroscopic systems, the statistical formulation of entropy implies
that the second law is overwhelmingly likely to be accurate. However, a
non-zero probability is allowed for it to be measurably inaccurate. The
great physicist J. C. Maxwell, in his study of thermodynamics, posed an
intelligent being, later referred to as Maxwell’s Demon, to demonstrate
that there could be situations in which the second law is violated. The
violation of the second law of thermodynamics is a big controversy and
Maxwell’s Demon attracted the attention of many scientists. Szilard [37]
(1929) suggested a simplified version. An excellent discussion may be found
schematically in Plenio and Vitelli [29].

In Maxwell’s supposition, an element of consciousness or intelligence
entered into the realm of physical science, as the Demon were able to sort
out molecules with higher and lower energies. The role of such intelligence
of the Demon has generated significant debates as to how and whether
one ought to characterize it physically. This issue of vagueness involving
intelligence can be avoided by the substitution of an automatic mechanism
which can perform Demon’s functions. (Indeed, an SGA could perform such
a function in principle.) With this, the paradox of Maxwell’s Demon was
still not easy to resolve. A satisfactory exorcism of the Demon was finally
made by Charles H. Bennett in [3] (1982) by applying Landauer’s principle.
In Landauer’s study [25] (1961), he had an important insight about a funda-
mental asymmetry in information processing. For example, the negation of
a binary variable or the copying of classical information, cf. Table 1(a), can
be done reversibly without expending any energy. But when information is
erased, or if an irreversible binary logic operation such as a ∧ b = c is exe-
cuted, where ∧ is the “AND” operation as introduced in Table 1(b), there is
always an energy cost of kT ln 2 to be consumed, where k is the Boltzmann



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 02-chen

Quantum Computing and Devices: A Short Introduction 39

constant and T is the absolute temperature. In information theory, consider
a system with n events (or states), each with probability of occurrence pi,
for i = 1, 2, . . . , n, where 0 < pi ≤ 1 and p1 + p2 + · · ·+ pn = 1. Then the
total information “value” of the system is (defined by) the Shannon entropy

HS = −
n∑

i=1

pi log pi, (log = logarithm with base 2). (2.3)

The above entropy can be linked to the Boltzmann entropy

HB = −k ln 2
n∑

i=1

pi log pi, (ln = the natural logarithm) (2.4)

by considering (from statistical mechanics) how many arrangements there
are in the assemblage of matter and energy in a physical system. The term
k ln 2 is a scaling factor in the conversion from the classical Shannon infor-
mation entropy (2.3) to the Boltzmann entropy (2.4). For a (1-bit) binary
system, the single 1-bit 0 and 1 occur with equal probability p1 = p2 = 1/2,
so we obtain

HB = −k ln 2
[
1
2

log
(

1
2

)
+

1
2

log
(

1
2

)]
= k ln 2. (2.5)

Landauer argues that in any irreversible computing where information is
lost, forgotten or erased, the entropy so obtained is the amount of ther-
modynamical entropy you will generate in erasing the information. The
least of which is one bit of information. Thus, the Boltzmann entropy is
(2.5), which after multiplying by T , gives the minimum of expended energy
kT ln 2 (dissipated into the environment). This is the Landauer principle of
information erasure. From this principle, one can actually derive the second
law of thermodynamics [29].

The discussions in this section so far are all classical. But now let us
be equipped with quantum mechanics and revisit Maxwell’s Demon. What
Maxwell envisioned in his Demon’s function having the ability to sort out
molecules with faster and slower speeds is no longer as impossible or far-
fetched as Maxwell originally thought. Indeed, an SGA can certainly achieve
that in principle, where higher energy and lower energy atoms in an atom
beam are separated (i.e., sorted out) by an SGA. The tracking and de-
tection of their trajectories can be done, e.g., by cavity-QED (see Subsec-
tion 3.3, e.g.) and photo-detectors. However, in the quantum realm, some
unexpected, amazing phenomena happen. When we observe and determine
the path of an atom in a double-slit Young’s experiment, the situation is
as follows:
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(i) If the path information is fully available (irrespective of whether there is
any human knowledge about it), then there are no interference fringes;

(ii) If we have interference fringes of perfect visibility, then there cannot
be any path knowledge available.

However, it does not follow that whenever there are no fringes, then path
knowledge must be available. Rather, it is quite easy to have a situation
where neither path knowledge nor fringes are available. Even then, it may
be possible to restore fringes by a “postselection” procedure called “quan-
tum erasure”. The nomenclature of “quantum erasure” — like so many
other terms — could be somewhat misleading. Key studies of the quantum
eraser process are [32, 33], and experimentally confirmed in [23, 41]. This
puzzle of quantum eraser turns out to be a quantum mechanical analogue of
Maxwell’s Demon. Since information erasure has taken place in this process,
Landauer’s principle applies to the quantum eraser.

In order to discuss the concept and setup of the quantum eraser, some
prerequisite on cavity-QED is necessary. We thus refer the discussions
to [10] as well as Subsection 3.3.

An elementary introduction to Maxwell’s Demon, Szilard’s engine and
quantum eraser can be found in Scully and Scully [35].

As a final note of this section, we mention that all quantum processes
are unitary and reversible. This follows from the fact that the evolution of
a quantum system follows the Schrödinger equation

i�
∂

∂t
ψ(

⇀
x, t) = H(

⇀
x, t)ψ(

⇀
x, t),

where there is a 2-parameter family of evolution operator U(s,t) which in
some way constitutes a unitary group. Therefore, the logic operations in
quantum computing, based on unitary operations, are always reversible (in
“idealistic environments”). This is a major distinction between classical
computing and quantum computing. Thus, ideally, a quantum computer
can carry out computations without any energy cost and problem associated
with heating. Nevertheless, we need to keep in mind that in reality, the
environment is mostly not idealistic. If the situation is such that there is
strong coupling between the system and reservoir, then information and
energy loss occurs in between in a rather non negligible way.

Quantum computing is a fascinating subject. Several schemes and
devices have shown promise, but each has its stumbling roadblocks and
severe challenges. In turn, each has generated cutting-edge technologies that
spin off into computing and other areas useful for the economy and defense.
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The latest assessments on quantum computing may be found in an article
in Nature by P. Ball [1]. A poignant point made therein is the quote from
A. Steane of the Oxford Computing Group: “A useful (quantum) computer
by 2020 is realistic”. That article also quoted S. Lloyd of MIT as saying
that fully functioning quantum simulators will be readily available by 2020.

These represent a dramatic increase of confidence over five years ago,
when most of the researchers if asked how long it would take to make a
genuine quantum computing machine, they probably would have said it was
too far off even to guess. D. Deutsch of the Oxford University optimistically
added that “a practical quantum computer may well be achieved within the
next decade”.

3. Quantum Computing Devices

3.1. The electromagnetic field and its quantization

There are at least a dozen major proposals for implementing quantum com-
puting on quantum devices; see [10], also [26]. The great majority of such
computing operations is achieved through the application of electromag-
netic or laser fields on atoms and molecules. Such fields, classically, can be
represented as follows: the electrical field vector E and the magnetic field
H in a sourceless region are coupled in the Maxwell equations:

∇×H =
∂D

∂t

∇×E = −∂B

∂t

∇ ·B = 0

∇ ·D = 0

(3.1)

where D = ε0E, B = µ0H, and ε0 and µ0 are the free space permittivity
and permeability, respectively. It is also known that 1

ε0µ0
= c2 where c is

the speed of light in vacuum.
Consider an optical field in a rectangle cavity of length L and volume V .

For the purpose of simplification, we assume the electrical field is linearly
polarized in the x-direction and vanishes at the two end surface. Along the
direction of z-axis, the electric field is a superposition of sinusoidal functions
with different frequencies,

E(z, t) =
∑

j

Ajqj(t) sin(kjz)ex, (3.2)
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where each oscillating sin(kjz)ex is called a normal mode with kj = jπ/L,
j = 1, 2, 3, . . . , and qj(t) is the amplitude of mode j. The coefficient Aj is
defined as

Aj =

(
2ν2

jmj

V ε0

)1/2

, (3.3)

and νj = ckj = jπc/L is the frequency corresponding to the j-th nor-
mal mode. The constant mj has the unit of mass, and it is deliberately
introduced to establish the homologues between the Hamiltonian of a sin-
gle mode electrical field and the Hamiltonian of a mechanical harmonic
oscillator.

The magnetic field can be calculated using Maxwell’s equation (3.1) as

H = eyε0
∑

j

Aj q̇j(t)
kj

cos(kjz). (3.4)

Together with Equations (3.2) and (3.4), we have the electromagnetic field
in the cavity. The classical Hamiltonian then can be obtained as an integral
over the volume V ,

H =
1
2

∫
V

(ε0‖E‖2 + µ0‖H‖2)dV

=
∑

j

1
2
ν2

jmjqj(t)2 +
1
2
mj q̇j(t)2.

(3.5)

The two terms after the summation sign actually can be regarded as the
potential and kinetic energies of a harmonic oscillator. The analogy between
the Hamiltonian of a cavity and that of a set of independent mechanical
harmonic oscillators implies that we can quantize the cavity field in a way
similar to how we quantize a harmonic oscillator [34].

Define pj = mj q̇j as the canonical momentum of the j-th mode, then
we can rewrite H as

H =
1
2

∑
j

(
mjν

2
j q

2
j +

p2
j

mj

)
. (3.6)

To quantize the field, we treat qj and pj as operators, and as in quantizing
a harmonic oscillator, they follow the commutation relations

[qj , pj′ ] = i�δjj′ , [qj , qj′ ] = [pj , pj′ ] = 0. (3.7)
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Two other operators a and a† are defined as

a†je
iνjt =

1√
2m�ν

(mjνjqj − ipj),

aje
−iνjt =

1√
2m�ν

(mjνjqj + ipj).
(3.8)

From (3.7), it is easy to show that

[aj , a
†
j′ ] = δjj′ , [aj , aj′ ] = [a†j , a

†
j′ ] = 0. (3.9)

Since different modes are independent, we can focus on a single mode
and neglect the rest. Simple calculation shows that the Hamiltonian of a
single mode field in terms of a and a† is given by

H =
1
2

(
mν2q2 +

p2

m

)

= �ν

(
a†a+

1
2

)
.

(3.10)

The term 1/2 in the last expression follows from the commutation relations
of a and a†.

Let |n〉 be the eigenfunction of H with eigenvalue En. Then it can be
shown that a|n〉 is also an eigenfunction of H :

Ha|n〉 = �ν

(
a†a+

1
2

)
a|n〉

= a(En − �ν)|n〉
= (En − �ν)a|n〉.

(3.11)

Denote |n−1〉 as the normalized eigenfunction from a|n〉 we can get a series
of eigenfunction of H using a and a† as |n〉, n = 0, 1, 2, . . . . Furthermore,
we have

a|n〉 = √n|n− 1〉 and a†|n〉 = √n+ 1|n+ 1〉. (3.12)

Thus a† is called the creation operator, and a is called the annihilation
operator. The above leads to

a†a|n〉 = a†
√
n|n− 1〉 = n|n〉, (3.13)

and

H |n〉 =
(
n+

1
2

)
�ν. (3.14)
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In terms of a† and a, the quantized single mode electric field can be writ-
ten as

E(z, t) = ex

(
�ν

ε0V

)1/2

(ae−iνt + a†eiνt) sin(kz). (3.15)

3.2. The interaction between a two-level atom and the

optical field

An atom has infinitely many energy levels. If there exist certain two energy
levels such that their energy difference is equal or very close to the energy
of a photon, �ν, where ν is the frequency of the optical filed, the optical
field is resonant. The atom absorbs and emits photons while it jumps be-
tween the two energy levels. Since the energy levels of an atom are not
evenly distributed, other levels are detuned from the resonance and we can
treat the atom as a two-level atom. Optical fields can be treated classi-
cally or quantized depending on its intensity. In this subsection, we first
take it as a classical field and introduce the Rabi rotation, leading to a
cavity-QED.

We consider atoms such as hydrogen or the alkali family. The alkali
atoms only have one electron on the outmost shell and they behave similar
to hydrogen atoms. The Hamiltonian of such an atom in a single mode opti-
cal field has two parts,H0 andHal, which are called the unperturbed Hamil-
tonian and the interaction Hamiltonian, respectively. The total Hamiltonian
reads

H = H0 +Hal. (3.16)

In general, the size of the atom is far smaller or shorter than the wavelength
of the optical field. Thus, we can invoke the electric dipole approximation
and obtain [34]

Hal = −er ·E(r0, t), (3.17)

where r0 is the position of the atom, and r is the position operator of the
electron. When the electric field is polarized along the x-axis and propa-
gating along the z-axis, this is simplified to

Hal = −exE(z, t). (3.18)

Denote the two energy levels involved as |e〉 and |g〉, where |e〉 is the
excited level with eigenvalue Ee and |g〉 is the ground level with eigenvalue
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Eg. Then the unperturbed Hamiltonian can be written as

H0 = Eg|g〉〈g|+ Ee|e〉〈e|
=
Eg + Ee

2
(|g〉〈g|+ Ee|e〉〈e|) +

�ω

2
(|e〉〈e| − |g〉〈g|)

=
Eg + Ee

2
I +

�ω

2
(|e〉〈e| − |g〉〈g|),

(3.19)

where �ω = Ee−Eg. Since a multiple of the identity matrix only contributes
a uniform phase shift for both states, it can be dropped and we obtain

H0 =
�ω

2
(|e〉〈e| − |g〉〈g|). (3.20)

Similarly, we obtain

Hal = −exE(z, t)

= −e(|g〉〈g|+ |e〉〈e|)x(|g〉〈g|+ |e〉〈e|)E(z, t).
(3.21)

The symmetry of the wavefunction implies that both 〈g|x|g〉 and 〈e|x|e〉
vanish. The interaction Hamiltonian Hal becomes

Hal = −(ρ|e〉〈g|+ ρ|g〉〈e|)E(z, t), (3.22)

where ρ = 〈e|x|g〉, and we assume that ρ is real.
Since the atom lives in the space spanned by |g〉 and |e〉, its wavefunction

at time t, denoted as |ψ(t)〉, can be written as

|ψ(t)〉 = c(t)|e〉+ b(t)|g〉. (3.23)

The Schrödinger equation gives

d

dt
|ψ(t)〉 = ċ(t)|e〉+ ḃ(t)|g〉

= − i
�
H |ψ(t)〉 = − i

�
(H0 +Hal)|ψ(t)〉 .

(3.24)

With respect to the ordered basis {|g〉, |e〉}, the matrix form of the total
Hamiltonian H is

H =


 −�ω

2
−ρE(z, t)

−ρE(z, t)
�ω

2


 . (3.25)

Similarly, we have Hal as

Hal =
[

0 −ρE(z, t)
−ρE(z, t) 0

]
. (3.26)
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We define |φ(t)〉 = U0|ψ(t)〉 = ceiωt/2|e〉+ be−iωt/2|g〉, where

U0 = e
i H0 t

�

=
[
e−iωt/2 0

0 eiωt/2

]
.

(3.27)

In other words, we put the system in a “rotating frame”. By substituting
it back to (3.24), we obtain the Schrödinger equation for |φ〉:

∂

∂t
|φ(t)〉 = − i

�
H|φ(t)〉, (3.28)

where H is called the Hamiltonian in the interaction picture [34], obtained
via

H = U0HalU
†
0 . (3.29)

We then have

H =
[
e−iωt/2 0

0 eiωt/2

] [
0 −ρE(z, t)

−ρE(z, t) 0

] [
eiωt/2 0
0 e−iωt/2

]

=
[

0 −ρE(z, t)e−iωt

−ρE(z, t)eiωt 0

]
.

(3.30)

We assume the light field is resonant at frequency ω with phase α:

E(z, t) = ε cos(ωt+ α) =
ε

2
(e(ωt+α)i + e−(ωt+α)i). (3.31)

Then H can be further simplified to

H = �Ω
[

0 eiα

e−iα 0

]
= �Ω(cos(α)σx − sin(α)σy), (3.32)

where Ω = −ρε
2�

, called the Rabi frequency, and σx and σy are Pauli matri-
ces.a Note that high frequency terms such as e2iωt and e−2iωt are dropped
since their effect can not be observed in experiments.

After time duration t, the new |φ(t)〉 is found as

|φ(t)〉 = e−iΩ(σx cos(α)−σy sin(α))t|φ(0)〉. (3.33)

aThe Pauli matrices are σx =
[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, and σz =

[
1 0
0 −1

]
.
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Further calculation shows that the electron jumps between |g〉 and |e〉 with
frequency Ω. The evolution operator is obtained as

Uθ/2,α = e−iΩ(σx cos(α)−σy sin(α))t

=




cos
(
θ

2

)
−i sin

(
θ

2

)
eiα

−i sin
(
θ

2

)
e−iα cos

(
θ

2

)

 , (3.34)

where θ = 2Ωt. This is a 1-bit rotation operator, also called a Rabi rotation
gate.

3.3. Cavity-QED

An optical cavity has a set of highly reflective mirrors to keep photons
within for a long time, see Figure 5. When an atom passes through the
cavity, it interacts with the cavity field and gets entangled with that field.
Atoms could be injected into the cavity via an optical lattice. The interac-
tion time is determined by how long the atom stays in the cavity. Atoms
have long coherence time, and photons are known for their use in long dis-
tance communication. Thus cavity-QED has useful potential for quantum
information processing or quantum computation.

Fig. 5. A schematic of an optical cavity. Highly reflective mirrors keep photons in the
cavity for a long time. An atom is injected into that cavity, leading to interactions
between the atom and photons.

We focus on a single mode cavity and an atom within. The cavity field
is close to the resonant frequency between two levels of the atom, denoted
as |α〉 and |β〉, respectively. From the calculations of the preceding section,
we see that the total Hamiltonian of the atom-cavity system includes three
parts [10]:

H = H0 +H1 +H2, (3.35)
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with

H0 =
�ω

2
(|α〉〈α| − |β〉〈β|),

H1 = �νa†a, (3.36)

H2 = �g(|α〉〈β|a + |β〉〈α|a†) (3.37)

where the interaction constant is g = |ραβ |
(

ν
�V ε0

)1/2

, and ραβ is the elec-
tric dipole transition moment. Here we treat the cavity field as quantized.
The operators a† and a are defined as before. Constant terms in the Hamil-
tonian, such as the 1/2 in the Hamiltonian of laser field, can be simply
ignored. Let |n〉 be the number state of the cavity field. The subspace
spanned by {|α, n− 1〉, |β, n〉} is closed under the operator H . The matrix
form of H with respect to the ordered basis {|α, n− 1〉, |β, n〉} is

H = �




1
2
ω + ν(n− 1) g

√
n

g
√
n −1

2
ω + νn


 . (3.38)

Theorem 3.1. The Hamiltonian given in (3.38) has two eigenfunctions

|+〉n = cos θn|α, n− 1〉 − sin θn|β, n〉 with eigenvalue

En
+ = �

(
nν +

1
2
(−ν − Ωn)

)
|−〉n = sin θn|α, n− 1〉+ cos θn|β, n〉 with eigenvalue

En
− = �

(
nν +

1
2
(−ν + Ωn)

)
(3.39)

where

∆ = ν − ω,
Ωn = (∆2 + 4g2n)1/2,

D = ((Ωn −∆)2 + 4g2n)1/2, (3.40)

sin θn =
Ωn −∆
D

, cos θn =
2g
√
n

D
.

In the limit when |∆| 
 2g
√
n, called the large detuning limit, the off

diagonal elements of H approach zero. We have

|+〉n ≈ |α, n− 1〉, En
+ = �

(ω
2

+ ν(n− 1)
)
− �g2n

∆
,

|−〉n ≈ |β, n〉, En
− = �

(
−ω

2
+ νn

)
+

�g2n

∆
.

(3.41)
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This leads to a diagonalized effective Hamiltonian for H2 given by

H̄2 = −�g2

∆
(|α〉〈α|aa† − |β〉〈β|a†a). (3.42)

Let |γ〉 be another energy level of the atom and it is far detuned from
the cavity. We decode the logic state of the atom using |β〉 and |γ〉, by
designating |β〉 as |1〉 and |γ〉 as |0〉. Assume there is at most one photon
in the cavity, thus n = 1 and the space has a basis of {|00〉, |01〉, |10〉, |11〉}
with

|00〉 = |γ, 0〉, |01〉 = |γ, 1〉
|10〉 = |β, 0〉, |11〉 = |β, 1〉. (3.43)

Theorem 3.2. With respect to the ordered basis {|00〉, |01〉, |10〉, |11〉},
the effective Hamiltonian H̄2 is diagonal and

H̄2 =




0
0

0
�g2

∆


 . (3.44)

The Hamiltonian in (3.44) can be used to form a conditional phase gate.

3.4. Optical lattices

Optical lattices are essential in the design of quantum computation us-
ing cold atoms because of its capability to trap and transport atoms in
space. An optical lattice could be one, two, or three dimensional. A basic
configuration is a one dimensional optical lattice formed by two counter-
propagating light beams which are linearly polarized and have the same
amplitude. Depending on the angle between the polarization directions of
the two light beams, the polarization of the light field changes along the
propagation axis.

3.4.1. Setting up the fields

Without loss of generality, we assume that both light beams are traveling
along the z-axis and their electric fields are given by

E1(z, t) =
1
2
εe1e

−i(ωt−kz) + c.c.,

E2(z, t) =
1
2
εe2e

−i(ωt+kz) + c.c.,

(3.45)
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ex

e2

ex

ey ey

e1

θ/2
θ/2

Fig. 6. The schematic of a linθlin configuration. Two linearly polarized light beams
travel along the z-axis in opposite directions, with the angle between the polarizations θ.

respectively, where c.c. means complex conjugate. Let the angle between
the two polarization vectors e1 and e2 be θ. We arrange the x and y axes
so that

e1 = ex cos
(
θ

2

)
+ ey sin

(
θ

2

)
,

e2 = ex cos
(
θ

2

)
− ey sin

(
θ

2

)
.

(3.46)

This configuration, as shown in Figure 6, is called a linθlin configuration.
The total field along the z-axis is then obtained as

E(z, t) = E1 + E2

=
1
2
εe−iωt

(
2ex cos

θ

2
cos(kz) + 2iey sin

θ

2
sin(kz)

)
+ c.c. (3.47)

We are mostly interested in the distribution of circular polarizations. It
is convenient to use another basis of e+ and e−, defined by

e+ = − 1√
2
(ex + iey),

e− =
1√
2
(ex − iey),

(3.48)

corresponding to the left circular polarization and right circular polar-
ization, respectively. In terms of e+ and e−, the electric field can be
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rewritten as

E(z, t) =
√

2
2
εe−iωt

(
−e+ cos

(
kz − θ

2

)
+ e− cos

(
kz +

θ

2

))
+ c.c.

=
1
2
(A+e+ +A−e−)e−iωt + c.c., (3.49)

where A+ = −√2ε cos(kz − θ
2 ) and A− =

√
2ε cos(kz + θ

2 ), which are the
amplitude of the left and right circularly polarized parts, respectively.

Changing the angle θ causes changes of the polarization along the z-
axis. When θ = 0, A− = −A+, the light field is linearly polarized along the
x-axis everywhere. When θ is different from zero, the polarization shows
a gradient along the propagation direction. The highest intensity of the
left circularly polarized part, A2

+, occurs at z = m
2 λ + θ

2k , where m is an
integer and λ = 2π

k , while that of A− occurs at z = m
2 λ− θ

2k . The distance
between a peak of A2

+ and its closest neighboring peak of A2
− is θ/k. Here

we limit θ between 0 and π/2. Both the A+ peak and A− peak move with
θ, shown in Figure 7. A special case is θ = π/2, when the distance between
an A+ peak and its neighboring A− peak is largest. It is called a lin⊥ lin
configuration since the polarization vectors are perpendicular to each other.
After rearranging the origin or phases, the electric field can be obtained as

E(z, t) =
√

2
2
εe−iωt(e− cos(kz)− i e+ sin(kz)) + c.c. (3.50)

Along the z-axis, its polarization changes in the sequential order of linear
polarization along the x-axis, left circular polarization, linear polarization
along the y-axis, and right circular polarization, shown in Figure 8.

3.4.2. Storing, sorting, and transporting ultra cold neutral atoms
using optical latices

An oscillating optical field can remove the degeneracy of an atom by induc-
ing different energy shifts for its sublevels with different angular momenta.
Such energy shifts, called ac-Stark shifts or light shifts, are proportional to
the intensity of the light and depends on the polarization of the light. An
optical lattice with polarization gradient thus forms an array of periodic
potential wells to store and trap ultra cold neutral atoms.

We consider an alkali atom with only two sublevels in the ground state
and three sublevels in the excited state. If jg and je are the angular quan-
tum number for the ground state and excited state, respectively, we have
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Fig. 7. Illustration of the left and right circular polarization parts along the z-axis.
While A2

+ is plotted in solid line, A2
− is plotted in dashed line. The arrow shows the

moving direction of the peaks when θ is increasing.

Fig. 8. Changing polarization along the z-axis for a lin⊥ lin configuration. At z = 0,
λ/2, λ, . . . , where λ = 2π/k, the polarization is linear along ex. At z = λ/4, 3λ/4,
5λ/4, . . . , the polarization is linear along ey . However, at z = λ/8, 5λ/8, 9λ/8, . . . , the
field has a left circular polarization (σ+), and at z = 3λ/8, 7λ/8, 11λ/8, 15λ/8, . . . , it
changes to a right circular polarization (σ−).

jg = 1/2 and je = 3/2. The configuration is shown in Figure 9 with the
corresponding Clebsch-Gordan coefficients.

According to the selection rules, no absorption-emission may cause the
transition between |g+1/2〉 and |g−1/2〉. We also assume the low saturation
limit. The life time of the excited state is so short that the atom actually
lives in the space spanned by the two ground sublevels. Thus in the ma-
trix form in terms of |g+1/2〉 and |g−1/2〉, the effective Hamiltonian of the
atom, Heff , is diagonal, and |g+1/2〉 and |g−1/2〉 are eigenfunctions of Heff

with eigenvalue E+1/2 and E−1/2, respectively. By arranging the origin, the
electric field in a lin⊥ lin configuration can be given as (3.50). Then the
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Fig. 9. The configuration of the Jg = 1/2↔ Je = 3/2 transition with the corresponding
Clebsch-Gordan coefficients.

potential energy, E+1/2 and E−1/2, are obtained as [13]

E+1/2 = −3U0

2
+ U0 cos2 kz,

E−1/2 = −3U0

2
+ U0 sin2 kz,

(3.51)

with

U0 = −2
3

�δ̂ = −2
3

�δs0, (3.52)

where δ is the detuning frequency and s0 depends on δ and properties of
the atom. Equation (3.51) shows that atoms in state |g+1/2〉 and those in
state |g−1/2〉 experience different potentials. One is dominated by the left
circular polarization part and the other is dominated by the right circular
polarization part.

An optical lattice can also be used to transport atoms trapped within.
While changing the relative polarization angles between the two light beams
causes neighboring atoms move in opposite directions, changing the rela-
tive phase between the two beams move the whole array of atoms in one
direction. Furthermore, by slightly changing the frequency of one beam, we
can transform the static lattice into a “convey belt”. Miroshnychenko has
used this scheme to sort the atoms in a line [4, 27, 30]. The sorting machine
consists of two lattices. One is horizontal and the other intersects with it at
a certain point, called the overlapping point. For simplicity, we assume the
second lattice is vertical, although it is not necessary the case. Atoms are
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stored in the horizontal lattice and form a register. The vertical lattice can
extract an atom out from the register at the overlapping point and put it
back when needed. The position of each atom can be determined through
fluorescence. This allows selective movement and arbitrary arrangement of
the atoms.

3.4.3. Entanglement with ultracold atoms in optical lattices

Ultracold atoms form a good candidate for quantum computation and quan-
tum information processing. The weak interaction between neutral atoms
and the environment implies long coherence time for the quantum system.
Moreover, the atoms are readily to be cooled, stored, and moved in optical
lattices which could hold thousands of atoms at the same time. Although
it is hard to entangle arbitrary two atoms in the lattice, neighboring atoms
can be coupled via either elastic collision or induced electric dipole-dipole
interaction.

Jaksch [22] has suggested to entangle two neutral atoms using elastic
collisions. Two ground S1/2 hyperfine structures of an alkali atom are used
to represent the logic states:

|0〉 = |F↓,mf = 1〉,
|1〉 = |F↑,mf = 2〉.

(3.53)

It is assumed that the atom has nuclear spin 3/2. The potential an atom
experiences depends on the state of the atom. Potentials of an atom at state
|0〉 and |1〉 are given by

V 0(z, θ) = (Vms=1/2(z, θ) + 3Vms=−1/2(z, θ))/4,

V 1(z, θ) = Vms=1/2(z, θ),
(3.54)

respectively, where Vms=1/2 (Vms=−1/2) is the potential energy experienced
by atoms with ms = 1/2 (respectively, ms = −1/2). They are given by

Vms=1/2(z, θ) = αε2 sin2(kz + θ/2),

Vms=−1/2(z, θ) = αε2 sin2(kz − θ/2).
(3.55)

As in the previous section, θ is the angle between the polarization direc-
tions of the two beams. Common terms are ignored for the sake of simpli-
fication.
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While changing θ from π/2 to 0, two neighbor atoms are moved into
one well if and only if the left atom is in state |0〉 and the right atom is
state |1〉 before the change, denoted by |01〉. Thus the phase change caused
by the elastic collision is conditional. Let |00〉, |01〉, |10〉, and |11〉 be the
ordered basis of the wavefunction space. The matrix of the evolution can
be written as

U =




1
e−iφ01

1
1


 , (3.56)

where φ01 is the induced phase change. The operation leads to a controlled
phase shift when combined with other 1-bit gates. It is not selective. The
same operation is applied to every neighboring pair of atoms in an optical
lattice simultaneously.

The weak interaction between two neutral atoms requires long time to
complete a 2-bit entanglement. This can be improved by making use of
a strong interaction mechanism, such as the induced electric dipole-dipole
interaction. In the scheme proposed by Brennen [5, 6], logic states are en-
coded with the ground S1/2 hyperfine structures of an alkali atom with
nuclear spin 3/2 as

|1〉± = |F↑,MF = ±1〉,
|0〉± = |F↓,MF = ∓1〉, (3.57)

where + and − represent two species of atoms, which are trapped at the
nodes of left circular polarization wells and at those of the right circular
polarization wells, respectively, shown in Figure 10. As discussed previously,
these two species of atoms are stored alternatively along the z-axis.

To entangle two neighboring atoms, they are first moved close by tuning
the relative angle θ. A monochromatic light beam is then applied to the two
atoms which are now at the same site. The light beam, also called a catalysis
field, is carefully turned on so that it will excite the dipoles in the two
atoms and induce dipole-dipole interaction between them. This interaction
is strong and only a short time is needed to complete a 2-bit entanglement
gate. Although neighboring pairs among the other atoms may also be moved
close during this time period, the interaction between them is relatively
weak and its effect is negligible. For the two atoms involved, their Hamilto-
nian includes three parts, the unperturbed Hamiltonian, the atom-light
interaction Hamiltonian, and the dipole-dipole interaction Hamiltonian.
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The last two can be obtained as

HAL = −�

(
∆ + i

Γ
2

)
(D†

1 ·D1 +D†
2 ·D2)

− �Ω
2

(D†
1 · eL(r1) +D†

2 · eL(r2) + h.c.),

Hdd = Vdd − i�Γdd

2
= −�Γ

2
(D†

2 ·
←→
T (kLr)

·D1 +D†
1 ·
←→
T (kLr) ·D2), (3.58)

where the tensor
←→
T describes the strength of the interaction between the

two atoms at distance r, D†
1,2 is the dipole raising operator, eL is the

polarization vector of the laser field, and Vdd is the dipole-dipole energy level
shift. Here the anti-Hermitian part, iΓdd, i.e., (iΓdd)† = −iΓdd, determines
the spontaneous emission process. In the above, for a simple two-level atom,
the dipole raising operator D† can be defined as |e〉〈g|, which appears in
Equation (3.22). However, it could be much complicated when the atom has
multiple hyperfine sublevels. Let F and F ′ denote the hyperfine sublevels
for the ground and excited states, respectively. A definition of the operator
D† can be given by

D† =
∑
F ′

PF ′dddPF

〈J ′| ∣∣ddd∣∣ |J〉
where PF and PF ′ are projectors onto the ground and excited manifolds,
respectively, and ddd is the electric dipole moment operator.

The catalysis field is tuned on carefully near the |S1/2, F↑〉 → |P3/2〉
resonance with small detuning compared with the ground state hyperfine
splitting, shown in Figure 10. Thus, dipole is excited for an atom only

S1/2

MF
-1 0 +1

F↓

F↑

|0〉+ |0〉−

|1〉− |1〉+

P3/2 ...

Fig. 10. A schematic of the energy levels used in the scheme with induced dipole-dipole
interaction (not in scale). The logic basis |0〉 and |1〉 are represented by two ground S1/2

hyperfine structures. The atom used has nuclear spin 3/2 (I = 3/2). The catalysis laser
is tuned near resonant to the |S1/2, F ↑〉 → |P3/2〉 transition.
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when the atom is in the |F↑〉 state, or logic state |1〉, and the dipole-dipole
interaction is strong only when both atoms are in the logic state |1〉. When
written in the matrix form in terms of the ordered basis {|00〉, |01〉, |10〉,
and |11〉}, the effective Hamiltonian caused by the induced dipole-dipole
interaction is simply

Vdd =




0 0 0
0 0 0
0 0 0
0 0 νdd


 , (3.59)

where νdd is the energy shift resulted from the interaction. This leads to a
controlled phase gate on the two atoms:

U(α) = e−iVddt/� =




1
1

1
e−iα


 , (3.60)

where α = νddt
�

and t is the time duration of the interaction.

4. Universality of Quantum Gates

In this section, we intend to provide a unified derivation of the universality
of two specific physical devices of quantum computation. The first is a
cavity-QED system and the second is a coupled pair of quantum dots. More
specifically, we will consider the generation of one specific 2-bit gate for each
system, each of which together with the collection of all 1-bit gates is known
to be universal for quantum computation. This is a famous theorem due
to D. DiVincenzo [16]. Here, instead, we quote the following two theorems
due to J.-L. Brylinski and R. Brylinski [7], which are of somewhat more
mathematical flavor.

Theorem 4.1 ([7, Theorem 4.1]). Let V be a given 2-bit gate. Then the
following are equivalent :

(i) The collection of all 1-bit gates together with V is universal ;
(ii) V is not a tensor product of two 1-bit gates either with or without a

swapping operation.

Theorem 4.2 ([7, Theorem 4.4]). The collection of all the 1-bit gates

Uθ,φ ≡
[

cos θ −ie−iφ sin θ
−ieiφ sin θ cos θ

]
, 0 ≤ θ, φ ≤ 2π,
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together with any 2-bit gate

Qη ≡



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiη


 , 0 ≤ η ≤ 2π,

where η �≡ 0(mod2π), is universal.

Here, for the cavity-QED system the 2-bit gate is a quantum phase
gate (QPG), while for the quantum dot system the specific 2-bit gate is
the square root of swap (SWAP, Usw). We will display an explicit conjuga-
tion between the Hamiltonians governing the evolution of the two systems
(modulo an overall phase). We have found that the venerable magic basis
matrix can be taken to be this conjugation.

We need to emphasize that that no claim is being made regarding the
two systems being isomorphic under all circumstances. Indeed, the Hamil-
tonians describing the mechanisms for generating one qubit gates in the
two systems are not conjugate (even if one were to ignore overall phases).

Throughout this section, we work with atomic units � = 1.

4.1. The Hamiltonian for the cavity-QED system

Following [10, pp. 123–130] and Subsection 3.3, we consider a three level
atom which has been injected into a cavity. Recall that the total Hamilto-
nian is given by (3.35). As given in (3.42), in the large detuning limit the
effective Hamiltonian becomes

H̃2 = −g
2

∆
(|α〉〈α|aa† − |β〉〈β|a†a), (setting � = 1 in (3.42)).

Then it can be shown that the space Ṽ = span{|0, 0〉, |0, 1〉, |1, 0〉,
|1, 1〉} is an invariant subspace for H̃2. Furthermore, H̃2 has the matrix
representation

H̃2 = diag(0, 0, 0, E11); cf. (3.44),

where E11 = g2

∆ . We note that this Hamiltonian has two eigenvalues — one
with multiplicity 3 and the second with multiplicity 1. For reasons which
will become clear shortly it is convenient to rewrite H̃2 as

H̃2 = E11

(
−1

4
Ĥ2 +

1
4
I4

)
.
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Here Ĥ2 = diag(1, 1, 1,−3). Note that Ĥ2 is traceless. Therefore,

e−iH̃2T = e−i
TE11

4 ei
E11T

4 Ĥ2 .

Thus, up to an overall phase of e−i
TE11

4 , the evolution of H̃2 and Ĥ2 agree.
The former is precisely the quantum phase gate diag(1, 1, 1, eiη), where
η = −E11T .

4.2. The coupled quantum dot Hamiltonian

In [9] Burkard et al. consider coupled quantum dots as a device for quantum
computation. Since our interest is in generating a universal 2-bit quantum
gate, only the following Hamiltonian will be considered here. The list of
assumptions, including the fact that the only control field operative is the
time dependent exchange constant, are detailed in [10, pp. 320–324], and
they will not be repeated elsewhere later for brevity:

H1 =
ω(t)
2
Ĥ1,

where ω(t) = 2J12(t), with J12(t) is the time-dependent exchange constant,
which in turn is 4t212(t)

u . Here t12(t) is the tunable tunneling matrix element
between the first and second quantum dots, while u is the charging energy of
a single dot. The HamiltonianH1 is given by Ĥ1 = σx⊗σx+σy⊗σy+σz⊗σz,
where σx, σy and σz are the standard Pauli matrices mentioned earlier in
Section 3.

Of importance is the fact that Ĥ1’s spectrum consists of the eigenvalues
1 (with triple multiplicity) and −3 with multiplicity one. Thus iĤ1 and iĤ2

are unitarily equivalent. It would seem that one would have to diagonalize
both Ĥi, i = 1, 2 to arrive at an explicit conjugation. However, we will see
that this is not the case.

For the moment let us first observe that the unitary evolution operator
at time T is

U(T ) = exp

(
− i

2

∫ T

0

ω(s)dsĤ1

)
.

From a variety of viewpoints Ĥ1 is easy to exponentiate. This yields

U(T ) = eiφ

[
cos(2φ)I4 − i sin(2φ)

I + Ĥ1

2

]
,
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where φ = 1
2

∫ T

0
ω(s)ds. Since the swap gate is Usw = I+Ĥ1

2 , we obtain the
universal 2-bit gate Usw, up to an overall phase, by picking 2φ to be an
odd-integer multiple of π

2 . Hence, choosing φ to be an odd-integer multiple
of π

8 would produce, up to an overall phase, the square root of Usw.

4.3. An explicit conjugation

Since iĤi, i = 1, 2 are unitarily equivalent, there exists M ∈ U(4) with
M∗(iĤ1)M = iĤ2. Hence by choosing E11T

4 = − 1
2

∫ T

0
ω(s)ds, we also obtain

that the swap and phase gates are (up to a phase factor) unitarily equiv-
alent to one another, via the same M . Thus, it is very pertinent to obtain
an explicit expression for one such M . As mentioned above, one can do
this without resorting to any spectral calculations. The key to this is the
existence of two Type I Cartan decompositions of su(4).

In the interest of keeping the discussion below self-contained, some of
the essentials of the theory of Cartan decompositions will be briefly recalled.
See [24] for a comprehensive account and also [8] and the references therein
which highlight the importance of this notion for quantum information
processing.

The theory of Cartan decompositions makes sense for any semisimple
Lie algebra, [24], but we will restrict ourselves to the case that the Lie
algebra in question is g = su(N), the Lie algebra of N ×N anti-hermitian
matrices of zero trace.

A preliminary Cartan decomposition of g = su(N) is a vector space
direct sum decomposition g = h ⊕ p (with respect to the Killing form - to
be defined shortly), satisfying

• [h, h] ⊆ h, i.e., h is a Lie subalgebra.
• [p, p] ⊆ h.
• [h, p] ⊆ p.

In this direct sum decomposition, h and p are the orthogonal complements
of each other with respect to the Killing form. The Killing form on g is the
non-degenerate bilinear form K(X,Y ) = Tr[ad(X)ad(Y )], X, Y ∈ g. Here
ad(X) is the linear map from g to itself defined by

ad(X)(Z) = [X,Z].

Corresponding to this preliminary Cartan decomposition is a decomposition
of the Lie group SU(N). More precisely, everyG ∈ SU(N) can be factorized
as HP , where H is the exponential of an element in h and P an exponential
of an element in p.
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Now, the conditions [p, p] ⊆ h and h ∩ p = {0} ensures that any Lie
subalgebra contained in p is necessarily abelian. With this observation we
are ready to define a Cartan decomposition of g. It consists of

• a preliminary Cartan decomposition of g;
• a maximal abelian Lie sublagebra a contained in p, called a Cartan sub-

algebra.

Corresponding to a Cartan decomposition of g, there is a decomposition
of SU(N), i.e., every G ∈ SU(N) can be factorized as H1AH2, where
Hi, i = 1, 2 are exponentials of elements in h and A is an exponential of an
element in a.

Cartan decompositions are not unique. There are two levels of non-
uniqueness, namely, the following:

• Even for a fixed preliminary decomposition of g (i.e., h, p are fixed) there
may be many Cartan subalgebras ai. However, all such Cartan subalge-
bras are conjugate via elements of eh, i.e., given two Cartan subalgebras
ai, i = 1, 2 contained in p, there is an element H ∈ SU(N) which is an
exponential of an element of h such that a2 = H∗a1H . This implies that
the dimension of all Cartan subalgebras corresponding to a given prelim-
inary decomposition are the same. This dimension is called the rank of
the Cartan decomposition.
• There can be several preliminary Cartan decompositions. We will identify

two Cartan decompositions (h1, p1, a1) and (h2, p2, a2) of su(N) if there
exists a G ∈ SU(N) satisfying G∗h1G = h2, G

∗p1G = p2 and G∗a1G

= a2. It is known that up to such identifications there are precisely three
types of Cartan decompositions of su(N). These are called Type I, Type
II and Type III. It also known that two Cartan decompositions are of the
same type if and only if their ranks are the same.

We will not dwell on what precisely these three types are, except to
mention that the rank of the Type I decompositions is N − 1.

We now discuss the two Type I Cartan decompositions of su(4) pertinent
to the material in the previous section. These are:

• h1 = so(4, R) is a Lie subalgebra of su(4). Its orthogonal complement
(with respect to the inner product induced by the Killing form) is p1,
the vector space of purely imaginary matrices in su(4). The space a1

of diagonal matrices in p1 is a Cartan subalgebra. This yields the so-
called standard Type I Cartan decomposition of su(4). The rank of this
decomposition is 3.



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 02-chen

62 Z. Zhang, V. Ramakrishna and G. Chen

• Let h2 = span{iI2 ⊗ σi, iσj ⊗ I2, i = x, y, z; j = x, y, z}. This is a Lie
subalgebra of su(4). Its orthogonal complement (with respect to the inner
product induced by the Killing form) is p2, which is the real span of
matrices of the form {iσj⊗σk, I4, j, k = x, y, z}. The space a2 of matrices
which lie in the real span of {iσj ⊗σj, j = x, y, z} is a Cartan subalgebra
in h2. Since the rank of this Cartan decomposition is also 3, this is also
a Type I Cartan decomposition of su(4).

Hence there must exist an M ∈ SU(4) which renders these two Type I
Cartan decompositions of su(4) conjugate to each other. Furthermore, this
M is a matrix which will make the ai conjugate to each other and hence
simultaneously diagonalize all the commuting matrices in a2. In particular,
since iĤ1 ∈ a2, it must be unitarily equivalent by that M to a matrix in a1.
Since all the matrices in a1 are diagonal, this matrix has to be the diagonal
form of Ĥ1. It is easy to see that this must necessarily be iĤ2. Due to its
ubiquity in quantum information theory, it has been known since the very
early days of this field that one such M is precisely the magic basis matrix,

M =
1√
2




1 0 0 i

0 i 1 0
0 i −1 0
1 0 0 −i


 .

Thus M∗(iĤ1)M = iĤ2.
Of course, this is not the sole M which renders iĤi, i = 1, 2 equivalent.

Indeed, it is not even the sole M which renders the above Type I Cartan
decompositions of su(4) equivalent. An M ∈ SU(4) renders the above Car-
tan decompositions equivalent if and only if MMT = ψ(σy ⊗ σy), with ψ a
fourth root of unity [8].

Note the above choice of setting E11T
4 = − 1

2

∫ T

0 ω(s)ds, may not always
be possible if the control fields in both the cavity-QED system and the
quantum-dot system are always required to be of the same sign. However,
in this case by choosing 1

2

∫ T

0 ω(s)ds and E11T
4 the same, we still obtain gates

which are, up to a phase factor, the swap and the phase gate respectively.
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25. R. Landauer, IBM J. Res. Develp., 5, p. 183, 1961.
26. Z. Meglicki, Quantum Computing without Magic: Devices, MIT Press, Cam-

bridge, MA, 2008.
27. Y. Miroshnychenko, W. Alt, I. Dotsenko, L. Förster, M. Khudaverdyan, D.

Meshede, D. Schrader and A. Rauschenbeutel, “An atom-sorting machine,”
Nature, 442, p. 151, 2006.

28. M. A. Neilsen and I. L. Chuang, Quantum Computation and Quantum In-
formation, Cambridge University Press, Cambridge, U.K., 2000.

29. M. B. Plenio and V. Vitelli, “The physics of forgetting: Landauer’s erasure
principle and information theory,” Contemporary Phys., 42, pp. 25–60, 2001.

30. D. Schrader, I. Dotsenko, M. Khudaverdyan, Y. Miroshnychenko, A.
Rauschenbeutel and D. Meschede, “Neutral atom quantum register,” Phys.
Rev. Lett., 93, 150501, 2004.

31. E. Schrödinger, Naturwissenschaften, 23, pp. 807, 823 and 844, 1935; English
translation by J. D. Trimmer, Proc. Amer. Philos. Soc., 124, p. 323, 1980.
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We describe quantum and classical Hamiltonian dynamics in a common
Hilbert space framework, that allows the treatment of mixed quantum-
classical systems. The analysis of some examples illustrates the possi-
bility of entanglement between classical and quantum systems. We give
a summary of the main tools of Berezin-Toeplitz and geometric quan-
tization, that provide a relation between the classical and the quantum
models, based essentially on the selection of a subspace of the classical
Hilbert space. Coherent states provide a systematic tool for the inverse
process, called dequantization, that associates a classical Hamiltonian
system to a given quantum dynamics through the choice of a complete
set of coherent states.

1. Introduction

In order to describe the dynamics of a bipartite system, in which one part is

quantum and the other one is classical, we have to describe the classical and

quantum systems in a common mathematical framework. The construction

is guided by the idea that we can consider the classical system as a limit,

and as a particular case, of a quantum system. The framework we consider

is provided by the Koopman-von Neumann [1, 2] representation of classical

mechanics combined with a quantization procedure of the Berezin-Toeplitz

type.

This construction is to be distinguished from models in which the cou-

pling between a classical system (e.g. a classical electromagnetic field) and

a quantum system composed of many identical atoms is described by a

65
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coupling involving the average of some quantum observable (e.g. the elec-

tric dipole moment). This type of effective models is useful e.g. to describe

the induced classical field produced by a large number of atoms excited by

the initial electromagnetic wave. It is implicitly assumed that the quantum

average provides an effective description of the collective retroaction of the

atoms on the classical system. The models we discuss in this article are

meant to describe the dynamics of a single quantum system in interaction

with a single classical object. A prototypical example is a model for the

Stern-Gerlach experiment in which the motion of the center of mass of the

atom is treated classically and the spin is treated quantum mechanically.

In Section 2 we summarize the mathematical framework of quantum

dynamics. In Section 3 we describe a formulation of classical mechanics

in a Hilbert space framework, on the basis of the formulation of Koopman

and von Neumann. Once classical and quantum dynamics are formulated in

the same mathematical framework, in Section 4 we describe the formalism

to treat mixed systems, in which one part is classical and another one

is quantum. We illustrate this formalism with a simplified model for the

Stern-Gerlach experiments, in which the motion of the center of mass is

considered as classical and the spin quantum mechanical. Section 5 presents

with a minimum of mathematical formalism some of the main ideas of

geometric and Berezin-Toeplitz quantization. This allows to establish a well-

defined relation between classical and quantum models. The main idea is

that one can obtain quantum models from the Koopman-von Neumann

representation of classical dynamics in a Hilbert space just by selecting a

suitable subspace of the classical Hilbert space. In Section 6 we describe

the inverse process, called dequantization, in which starting with a given

quantum system and a set of coherent states one constructs a classical phase

space and Hilbert space, a corresponding polarization subspace, classical

observables and a classical dynamics.

2. Hilbert Space Framework of Quantum Dynamics

A quantum dynamical system is defined by the following elements:

(i) A separable Hilbert space H.

(ii) An algebra of observables A and a representation ρ(A) as linear op-

erators on the Hilbert space H. The physical observables are given by

the self-adjoint elements.

(iii) The dynamics, in the Heisenberg representation, is defined by a deriva-

tion operator DĤ , that acts on the algebra ρ(A). The derivation is
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constructed from the Hamiltonian Ĥ , which is a particular self-adjoint

element of the algebra A. The derivationDĤ can be expressed in terms

of the commutator with a linear operator Ĥ acting on the Hilbert space

H: DĤ = i[ 1
~
Ĥ, · ]. The Heisenberg equation for an observable Â can

be written as

∂Â

∂t
= DĤ(Â) = i

[
1

~
Ĥ, Â

]
.

(iv) The Hamiltonian Ĥ defines also the dynamics of the states ψ ∈ H in

the Schrödinger picture, by

i
∂ψ

∂t
=

1

~
Ĥψ.

We remark that, in order to prepare a common notation with the classi-

cal systems, all the dependence on Planck’s constant ~ is attached to the

operators.

3. Hilbert Space Framework of Classical Dynamics

The Koopman-von Neumann [1–3] formalism is a representation of classi-

cal dynamics on a phase space M in terms of a Hilbert space of square

integrable functions LK := L2(M, dµ), with respect to a measure dµ. The

classical observables, which are differentiable functions f : M → C are rep-

resented on LK by a commutative algebra of multiplication operators Mf :

For ξ ∈ LK

(Mf ξ)(z) := f(z)ξ(z).

In order to simplify the notation we will sometimes write f instead of Mf .

3.1. Koopman-Schrödinger representation

The classical time evolution is determined by a Hamilton function Hcl(z),

where we denote the local coordinates by z = (p, q) ∈ M, p = p1, . . . , pd,

q = q1, . . . , qd. The classical Hamiltonian flow, denoted by z(t) = Φt(z0),

which satisfies the classical Hamilton equations

dp

dt
= −∂Hcl

∂q
,

dq

dt
=
∂Hcl

∂p
, (3.1)

which can be written as

dΦt(z0)

dt
= J ∇Hcl(Φt(z0)); J =

(
0 −1

1 0

)
, ∇ =

(
∂
∂p

∂
∂q

)
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can be used to define a unitary flow on the Koopman Hilbert space [1, 2, 39]:

UK(t, t0)ξ0(z) := ξ0(Φ−(t−t0)(z)). We will use a slightly different unitary

flow, which we will call Koopman-Schrödinger flow, that includes a time-

dependent phase:

ξ(z, t) := UKS(t, t0)ξ0(z) := e−iδ(z,t−t0)ξ0(Φ−(t−t0)(z)), ξ(z, 0) = ξ0(z),

(3.2)

with

δ(z, t− t0) =
1

~

(
(t− t0) Hcl(z) +

∫ t

t0

dt′ ΛHcl
(Φt′−(t−t0)(z))

)
, (3.3)

where the function ΛHcl
(p, q) will be chosen as [4–7]

ΛHcl
(p, q) = −1

2

∑

j

(
pj
∂Hcl

∂pj
+ qj

∂Hcl

∂qj

)
. (3.4)

The flow (3.2) with the phase (3.3) is called the prequantum flow in the

framework of geometric quantization [4–6]. The first term in (3.3) is called

a dynamical phase and the second one a geometrical phase. The constant ~

introduced in (3.3), which has the dimension of an action ([time]·[energy])

is necessary in order to have dimensionless numbers in the exponential.

Its numerical value has to be determined by comparison between the pre-

dictions of the quantum or of the mixed models with the corresponding

experimental measurements.

The interpretation of the classical wave function ξ(p, q, t) is that ρdµ :=

|ξ(p, q, t)|2dµ gives the probability density at time t for a particle to have

a momentum p and a position q. This interpretation comes from the fact

that ρ is a real positive function that satisfies the Liouville equation ∂ρ
∂t =

−{Hcl, ρ}, which is the equation that describes the time evolution of the

probability densities ρ in phase space defined by the flow of Eqs. (3.1).

Indeed Eq. (3.2) implies that ρ(z, t) = ρ0(Φ−(t−t0)(z)), with ρ0 := |ξ0|2,
and thus ∂ρ

∂t = −{Hcl, ρ}, where the brackets
{
, ·
}

denote the Poisson

brackets defined by
{
h, f

}
:=
∑

j
∂h
∂pj

∂f
∂qj

− ∂h
∂qj

∂f
∂pj

.

For a purely classical system this global phase δ(z, t) is thus irrelevant

since it is the square of the absolute value |ξ(z, t)|2 that gives all the phys-

ically relevant quantities. We will see that the analogue of the phase term

plays an essential role in the description of quantum systems and of mixed

classical-quantum systems.
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By Stone’s theorem [39], this unitary flow has a selfadjoint generator

GHcl
, i.e. it can be written as

UKS(t, t0) = UKS(t− t0) = e−i(t−t0)GHcl . (3.5)

The dynamics of the vectors of the Hilbert space satisfies therefore

the following Schrödinger type equation, which we will call the Koopman-

Schrödinger equation:

i
∂ξ

∂t
= GHcl

ξ. (3.6)

The generator GHcl
can be written explicitly as the sum of three operators

GHcl
= M̃Hcl

+ M̃ΛHcl
+ X̃Hcl

, (3.7)

or explicitly,

GHcl
=

1

~
Hcl −

1

2~

∑

j

(
pj
∂Hcl

∂pj
+ qj

∂Hcl

∂qj

)
− i
∑

j

∂Hcl

∂pj

∂

∂qj
− ∂Hcl

∂qj

∂

∂pj
,

(3.8)

where M̃Hcl
:= 1

~
MHcl

is the multiplication operator with the Hamilton

function, M̃ΛHcl
:= 1

~
MΛHcl

is the multiplication operator with 1
~
ΛHcl

(p, q),

and X̃Hcl
:= −iXHcl

is the vector field associated to the Hamilton function

Hcl, i.e. the differential operator

X̃Hcl
:= −iXHcl

= −i
∑

j

∂Hcl

∂pj

∂

∂qj
− ∂Hcl

∂qj

∂

∂pj
≡ −i

{
Hcl, ·

}
.

The dynamics of the classical system defined by Eq. (3.6) is called pre-

quantum dynamics, since, as we we will discuss in Section 5.3, it is the

starting point for the construction of the quantum dynamics in the frame-

work of geometric quantization [4–6]. The motivation for the addition of

the terms M̃Hcl
and M̃ΛHcl

in (3.8) is:

(i) The term M̃Hcl
is added in order to have Gf(z)=1 = 1

~

�
. If we had only

GHcl
= X̃Hcl

it would lead to Gf(z)=1 = 0, which would not allow a

systematic construction of the dynamics of mixed systems.

(ii) X̃Hcl
satisfies X̃{f,g} = i[X̃f , X̃g], but this property is not satisfied

by M̃Hcl
+ X̃Hcl

. The motivation of the choice (3.4) for ΛHcl
is that

the operator ∇Hcl
:= MΛHcl

+XHcl
can be interpreted as a covariant

derivation associated to Hcl [4, 7], and as a consequence Gg satisfies

G{f,g} = i[Gf , Gg ].
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Remark. (1) The action of the Poisson brackets is defined both on the

algebra of observables (functions f ∈ A, and their representation as multi-

plication operators ρ(f) = Mf ) and on the (differentiable) vectors of the

Koopman Hilbert space LK .

(2) The operators MHcl
and XHcl

commute, since

[
MHcl

, XHcl

]
ξ = Hcl

{
Hcl, ξ

}
−
{
Hcl, Hclξ

}

and
{
Hcl, Hclξ

}
= Hcl

{
Hcl, ξ

}
+
{
Hcl, Hcl

}
ξ = Hcl

{
Hcl, ξ

}
.

However, except for special choices of the Hamiltonian Hcl, the opera-

tors MΛHcl
and XHcl

do not commute.

The unitary Koopman-Schrödinger operator (3.2), (3.3) can be writ-

ten as

UKS(t) = e−iδe−i(t−t0)XHcl = e−i(t−t0)GHcl .

Some examples of operators GHcl
are given in Table 5.1.

3.2. Koopman-Heisenberg representation

One can also define a dynamics on the algebra of observables, which we will

call the Koopman-Heisenberg representation, by

Mf (t) := (UK(t))−1MfU
K(t) = eitGHclMfe

−itGHcl .

Since UK(t) = e−iδe−itX̃Hcl , it can be also written as

Mf (t) = eitX̃HclMfe
−itX̃Hcl .

It satisfies the following Koopman-Heisenberg equation

∂Mf

∂t
= i[GHcl

,Mf ], (3.9)

which can be written equivalently as

∂Mf

∂t
= i[X̃Hcl

,Mf ] = M{Hcl,f}. (3.10)

The last equality can be understood by letting it act on an arbitrary vector

ξ ∈ LK :

i[X̃Hcl
,Mf ]ξ = iX̃Hcl

(Mf ξ) − X̃f (iHHcl
(ξ))

= {Hcl, (Mf ξ)} −Mf ({Hcl, ξ}) = {Hcl, (fξ)} − f{Hcl, ξ}
= {Hcl, f}ξ + f{Hcl, ξ} − f{Hcl, ξ}
= {Hcl, f}ξ = M{Hcl,f}ξ.
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We remark that the Koopman-Heisenberg dynamics does not involve the

phase δ(z, t) we introduced in (3.2). The Koopman-Heisenberg equation

(3.10) is equivalent to the equation for the time evolution of a classical

observable f(p, q)

df

dt
= {Hcl, f},

but written in terms of the corresponding multiplication operator. Thus,

the Koopman-Heisenberg equations for the particular observables p and q

are equivalent to Hamilton’s equations.

We remark that the generator of the dynamics is an operator that does

not belong to the algebra of observables, but it is an external derivation

acting on them. Indeed for a Hamilton function Hcl the dynamics is defined

by the derivation DHcl
, acting on the algebra ρ(A) by

DHcl
(Mf ) := i[XHcl

,Mf ] ≡M{Hcl,f}.

This provides a complete framework in which classical mechanics can be

considered, from the mathematical point of view, as a particular type of

quantum system.

This formulation opens up the possibility to construct models of a quan-

tum system in interaction with a classical one.

4. Dynamics of Mixed Classical-Quantum Systems

We consider a bipartite system composed of a quantum system (Q), defined

on a Hilbert space HQ and a classical system (K) with a Koopman Hilbert

space LK . The total Hilbert space will be K = LK ⊗HQ. The observables

of the total system will be linear combinations of operators of the form

Mf ⊗ B̂, where B̂ is a selfadjoint operator of the quantum system. We

first consider the two subsystems without coupling. The evolution of the

quantum subsystem is defined by a Hamiltonian
�

K ⊗ĤQ
0 /~ and the one of

the classical subsystem by GH0,cl
⊗ �

Q/~, with GH0,cl
= M̃H0,cl

+ Λ̃H0,cl
+

X̃H0,cl
, and H0,cl is the uncoupled classical Hamilton function.

The interaction between the classical and the quantum subsytems is

determined by observables that are linear combinations of terms of the

form

Mgi
⊗ µ̂i/~

where µ̂i is a self-adjoint operator defined on HQ and gi = gi(p, q) is a

function on the classical phase space.
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The corresponding dynamics of the interaction is defined by operators

of the form

Kint =
∑

i

Ggi
⊗ µ̂i/~

with Ggi
= M̃gi

+Λ̃gi
+ X̃gi

, i.e. Ggi
ξ = 1

~
giξ− 1

2~

(
p∂gi

∂p + q ∂gi

∂q

)
ξ− i{gi, ξ}.

The Schrödinger-Koopman equation for a mixed classical-quantum sys-

tem can thus be written as

i
∂ψ

∂t
= Kψ,

with

K =
�

cl ⊗ Ĥ0,Q/~ +GH0,cl
⊗ �

Q/~ +
∑

i

Ggi
⊗ µ̂i/~.

The corresponding Heisenberg-Koopman equation for the dynamics of an

observable of the form

B(t) := eitK
(
Mf ⊗ Â

)
e−itK

is

∂B

∂t
= i[K,B].

4.1. Example: Stern-Gerlach experiment

We consider a simple model of the Stern-Gerlach experiment, in which the

motion of the center of mass of the atom is described classically, and the spin

as a quantum variable. The total Hilbert space is K = L2(R
6, d3p d3q)⊗C

2.

The states ψ ∈ K can be represented by

ψ = v+(~p, ~q) ⊗ |+〉 + v−(~p, ~q) ⊗ |−〉 ≡
(
v+(~p, ~q)

v−(~p, ~q)

)
.

The observable corresponding to the total energy is

H =
1

2m
~p 2 ⊗ � − γ ~B(~q) ⊗ ~S,

where Si = (~/2)σi and σi are the Pauli matrices.

The operator that generates the corresponding dynamics is

K =
1

2m

∑

i

Gp2
i
⊗ �

/~ − γ
∑

i

GBi
⊗ Si/~.

As a simple model we take a magnetic field of the form ~B = (0, 0, B3)

with B3(~q) = b̃0 − b̃1q3, and ~q = (q1, q2, q3). We remark that this ~B cannot
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be an actual magnetic field, since ∇ · ~B = −b1 6= 0. We use it only as

the simplest mathematical illustration of the types of behavior that can be

expected. For a recent discussion of realistic models of the Stern-Gerlach

experiments see [9–11].

Since the gradient of the magnetic field is only in the q3 direction,

we can restrict the model to one dimension. The Hilbert space is K =

L2(R
2, dp dq) ⊗ C

2, where we denote p ≡ p3, q ≡ q3. Absorbing −γ into

the coefficients, the observable corresponding to the total energy can be

written as

H =
1

2m
p2 ⊗ �

+ (b0 + b1q) ⊗ σ3.

The corresponding Koopman-Schrödinger equation is

i
∂ψ

∂t
=

(
1

2m
Gp2 ⊗ �

+ (b0G1 + b1Gq) ⊗ σ3

)
ψ.

If we write ψ(t) = (v+(p, q, t), v−(p, q, t)) the above equations become two

independent linear partial differential equations of first order:

∂v+
∂t

= − p

m

∂v+
∂q

+ b1
∂v+
∂p

− i

~
d(p, q)v+, (4.1)

∂v−
∂t

= − p

m

∂v−
∂q

− b1
∂v−
∂p

+
i

~
d(p, q)v− (4.2)

with

d(p, q) :=

(
b0 +

1

2
b1q

)
.

These equations can be solved explicitly, e.g. with the method of charac-

teristics. The solution corresponding to an initial condition

v±(p, q, t = 0) = v
(0)
± (p, q)

is given by

v±(p, q, t) = e−iδ±(p,q,t)v
(0)
±

(
p± b1t, q −

p

m
t∓ b1

2m
t2
)

(4.3)

where δ±(p, q, t) is a phase given by

~δ± = ±
[
qt− p

2m
t2 ∓ b1

6m
t3
]
b1
2

± b0t .
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4.2. Physical interpretation — classical-quantum

entanglement

The physical interpretation of ψ=(v+(p, q, t), v−(p, q, t)) is that |v±(p, q, t)|2
gives the probability for the center of mass of the particle to have a position

q, a momentum p and a spin component ±~/2 in the q3-direction. This

dynamics can be interpreted as follows.

We consider initial conditions that are a tensor product of the spin and

the momentum-position, i.e. of the form

ψ(t = 0) = ξ(0)(p, q) ⊗
(
s+
s−

)
,

with |s+|2 + |s−|2 = 1. Thus, in the initial state the spin and the center of

mass are not entangled. We consider an initial state that is well-localized

both in momentum p and in position q, described e.g. by narrow Gaussians

ξ(0)(p, q) =
1

√
πwpwq

e
−

(p−p0)2

2w2
p e

−
(q−q0)2

2w2
q

with p0 = 0. The limit of complete localization corresponds to

lim
wp,wq→0

|ξ(0)(p, q)|2 = δ(p− p0)δ(q − q0).

We consider the following four examples of initial conditions:

(i): ψ(t = 0) = ξ(0)(p, q) ⊗
(

1

0

)
,

(ii): ψ(t = 0) = ξ(0)(p, q) ⊗
(

0

1

)
,

(iii): ψ(t = 0) = ξ(0)(p, q) ⊗
(

1

1

)
1√
2
,

(iv): ψ(t = 0) = ξ(0)(p, q) ⊗
(
s+
s−

)
.

In (i) and (ii) the wave packet of the center of mass will follow a single

trajectory without modification of its shape. It will move and accelerate in

the direction ±q3, depending on the initial sign of the spin.

In cases (iii) and (iv) the state becomes a coherent superposition of two

wave packets for the center of mass, that move in opposite directions. Both

packets have the same shape, but the weight is given by a multiplicative

factor |s±|2 determined by the initial state of the spin. We remark that in

this case the spin and the center of mass are entangled, since the state ψ(t)
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cannot be written as a tensor product of a spin state (s1, s2) and a center

of mass state ξ(p, q):

ψ(t) = v+(p, q, t) ⊗
(

1

0

)
+ v−(p, q, t) ⊗

(
0

1

)
6= ξ(p, q, t) ⊗

(
s1
s2

)
,

since this would imply v+(p, q, t) = β v−(p, q, t), with a constant β.

This example shows that it is possible to entangle a classical and a

quantum degree of freedom.

5. Berezin-Toeplitz Quantization — Geometric Quantization

In this section we review, with a minimum of mathematical formalism, some

of the main ideas of Berezin-Toeplitz quantization and its relation with

geometric quantization. We also summarize some elements of the theory of

coherent states and their application to quantization.

In order to establish the relation between a quantum system and its

classical counterpart we have to consider separately the relations between

the Hilbert spaces, between the algebras of observables and between the

derivations defining the dynamics.

The Berezin-Toeplitz quantization consists of selecting a subspace L̆ ⊂
LK of the Koopman Hilbert space and a map that assigns to each multipli-

cation operator Mf on LK an operator TMf
on L̆ defined as the projection

of Mf on L̆. In general two operators TMf1
, TMf2

corresponding to two dif-

ferent multiplication operators Mf1 ,Mf2 do not commute with each other.

Geometric quantization can be viewed as an extension of this procedure

to the quantization of the generators of the dynamics, i.e. the Hamiltonians.

The link between the quantization of the observables and of the generators

of the dynamics is given by the Tuynman relation [42].

5.1. Selection of a polarization subspace

As a first example we consider a system with one degree of freedom and

phase space M = R
2. The Koopman Hilbert space is LK = L2(R

2, dp dq),

i.e. the square-integrable functions on the phase space.

The first step in the procedure of quantization is known in the literature

on geometric quantization as the choice of a “polarization”, which here we

formulate as the choice of a polarization subspace L̆ ⊂ LK . We present

a simple description of the construction in terms of action-angle variables
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I, θ, defined by the canonical transformation

I =
1

2
(p2/β0 + q2β0), p =

√
2Iβ0 sin θ, (5.1)

θ = arctan(p/
√
β0, q

√
β0), q =

√
2I/β0 cos θ, (5.2)

where β0 is an arbitrary reference constant (with units of a mass times

a frequency β0 = m0ω0, or equivalently of an action times the square of

a length). The function arctan(y, x) of two arguments is defined as the

single-valued function that gives the unique angle θ ∈ [0, 2π] such that

cos θ = y/
√
y2 + x2 and sin θ = x/

√
y2 + x2.

5.1.1. Construction of a basis of LK

We will use the following basis of L2(R
2, dp dq), expressed in action-angle

coordinates:

ξ̃m′,m(I, θ) := νm′,m e−
1
2λ

II(m′+m)/2ei(m−m′)θ, m,m′ ∈ N0 = {0, 1, 2, . . .}
(5.3)

where νm′,m is the normalization factor, and λ is an arbitrary fixed real

constant. Since the argument of the exponential should be dimensionless,

λ must have the dimension of an action. We remark that a constant that

makes the variable dimensionless in the function I (m′+m)/2 is included in

the normalization factor νm′,m, to simplify the notation.

One can verify that (5.3) is a basis of L2(R
2, dp dq) = L2(R, dp) ⊗

L2(R, dq) by first considering the known basis of L2(R, dp)

Hm′(p/
√

2λβ0)e
− 1

2λβ0
p2/2, m′ ∈ N0

where Hm′ are the Hermite polynomials, and the basis of L2(R, dq)

Hm(q
√
β0/(2λ))e

−
β0
2λ

q2/2, m ∈ N0.

The set of functions

pm′

qme−
1
2λ

(
p2/β0+q2β0

)
/2 , m,m′ ∈ N0

is therefore a basis L2(R
2, dp dq), and defining the dimensionless complex

variable

z :=
1√
2λ

(q
√
β0 + ip/

√
β0) =:

√
I

λ
eiθ, (5.4)

another basis is given by the functions

ξ̃m′,m = ν̃m′,m e−
1
2 |z|

2

z∗m′

zm ≡ νm′,m e−
1
2λ

II
m′+m

2 ei(m−m′)θ,



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 03-jauslin

Dynamics of Mixed Classical-Quantum Systems 77

which coincides with (5.3). We remark that the measure dµ expressed in

the complex variables z is

dµ(z) := dq dp = 2λd2z, with d2z = dzr dzi, z = zr + izi. (5.5)

We can relabel the basis vectors through

k := m−m′ , m =
1

2
(n+ k) , (5.6)

n := m+m′ , m′ =
1

2
(n− k) , (5.7)

and write the basis as

ξn,k(I, θ) := νn,ke
− 1

2λ
IIn/2eikθ, (5.8)

with n ∈ N0, k ∈ {−n,−n+ 2,−n+4, . . . , n− 2, n}, νn = (n! 2πλn+1)−1/2.

5.1.2. Selection of a polarization subspace L̆ ⊂ LK by the choice of a

subset of the basis

The selection of the polarization subspace can be performed by selecting a

subset of this basis. In the standard Berezin quantization one selects the

subspace L̆ ⊂ LK as follows:

First one chooses a particular value for the constant λ = ~, where ~

is equal to the constant that we had introduced in Eq. (3.3), when we

introduced a phase in the unitary Koopman evolution. Then one selects

the subspace generated by the subset {ηn} ⊂ {ξn,k} of the basis functions

defined as

ηn(I, θ) := ξn,k=−n(I, θ) ≡ νn e
− 1

2~
IIn/2e−inθ , n ∈ N0 (5.9)

≡ ν̃n z
∗ne−zz∗/2, (5.10)

with νn = (n! 2π ~
n+1)−1/2 and ν̃n = (n! 2π ~)−1/2.

We remark that different choices of the constant λ lead to different

subspaces, e.g. the function e−
1

2λ′ I is not contained in the subspace L̆ if

λ′ 6= ~. Thus the choice of λ equal to Planck’s constant ~ is non-trivial,

in the sense that it is not just a conventional choice of units, but it is an

essential ingredient in the definition of the quantum model. Its numerical

value in any given system of units must be determined by comparison with

experiments.
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5.1.3. Definition of an isomorphism between L̆ ⊂ LK and Fock space

The basis (5.9) of L̆ is labeled by a single index n ∈ N0. One can define an

isomorphism Ξ between the subspace L̆ (whose elements are functions of

p, q) and a Hilbert space H, that will be the Hilbert space of the quantum

system, which can be defined formally as the space generated by a set of

orthonormal states {|n〉}n∈N0 . The isomorphism is defined by

Ξ : ηn 7→ |n〉

which in the Dirac notation can be written as

Ξ :=
∑

n

|n〉〈ηn|.

As concrete examples for the quantum Hilbert space H we consider two

examples:

(i) We can take H as the abstract Fock space F constructed from a ground

state |0〉 and the creation operator a† : |n〉 := νn(a†)
n|0〉.

(ii) One can take H = L2(R, dx) and for |n〉 the basis of eigenfunctions of

the Hamiltonian of a harmonic oscillator

Hh.o. := − ~
2

2m

d2

dx2
+
mω2

2
x2,

with m and ω such that mω = β0, where β0 is the constant used in

(5.1), i.e.

Ξ : ηn 7→ |n〉 = ϕn(x) = νnHn(x
√
mω/~)e−

1
2 x2mω/~, (5.11)

where Hn are the Hermite polynomials.

Remark. Since z∗:=
√

I
~
e−iθ, by Eq. (5.8) the subspace L̆ can be also iden-

tified as being isomorphic to the Hilbert space of anti-holomorphic functions

g(z∗) [30–32], with scalar product 〈g1, g2〉 :=
∫
M dz e−|z|2g∗1(z∗) g2(z

∗),

which is the usual formulation in the literature on geometric and Berezin

quantization.

Summary. The polarization subspace L̆ ⊂ LK is the subspace generated

by the orthonormal set of functions

ηn := νn In/2e−inθe−
1
2~

I ≡ ν̃n z∗ne−zz∗/2 , n ∈ N0, (5.12)

with νn = (n! 2π ~
n+1)−1/2 and ν̃n = (n! 2π ~)−1/2. The isomorphism Ξ :

ηn 7→ |n〉 gives the representation in the quantum Hilbert space H.
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5.2. Toeplitz quantization of the observables

The Toeplitz quantization of operators of the classical Hilbert space consists

simply of taking the projection of the operator on the polarization subspace:

To a multiplication operator Mf acting on LK one associates an operator

TMf

Mf 7→ TMf
:= PL̆MfPL̆, (5.13)

where PL̆ is the orthogonal projection from LK to the polarization subspace

L̆. By composition with the isomorphism Ξ one defines the associated opera-

tor on H:

Mf 7→ f̂ ≡ T̂f := Ξ Tf Ξ−1 = Ξ PL̆MfPL̆ Ξ−1,

which can be expressed in terms of the bases ξn,k=−n of L̆ and |n〉 of H as

Mf 7→ f̂ ≡ T̂f :=
∑

n′,n

|n′〉〈ηn′ |Mf |ηn〉〈n|. (5.14)

One can calculate the matrix elements for some of the basic polynomial

functions explicitly:

〈ηn′ |z|ηn〉 = δn′,n−1

√
n , (5.15)

〈ηn′ |z∗|ηn〉 = δn′,n+1

√
n+ 1 (5.16)

and

〈ηn′ |zm(z∗)k|ηn〉 = δn′,n−m+k

×
√

(n+ k −m+ 1) · · · (n+ k − 1)(n+ k) (n+ k)(n+ k − 1) · · · (n+ 1),

which leads to their identification in terms of creation-annihillation opera-

tors a†, a (either in the abstract Fock space F or in L2(R, dx):

ẑ = â , (5.17)

ẑ∗ = â† , (5.18)

T̂zkz∗m ≡ ẑkz∗m = âk â†m. (5.19)

We remark that the Berezin-Toeplitz quantization with the chosen polar-

ization subspace yields the operators (5.19) in anti-normal ordering, i.e.

with all the â† on the right.
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If we use the representation H = L2(R, dx) defined by the isomorphism

(5.11), and

q =

√
~

2β0
(z + z∗) , p =

√
~β0

2
(z − z∗) , (5.20)

x̂ =

√
~

2β0
(â+ â†) , p̂ =

√
~β0

2
(â+ â†) , (5.21)

we obtain

q̂ = Mx =: x̂ (multiplication by x) , (5.22)

p̂ = −i~ ∂

∂x
=: p̂ , (5.23)

p̂2 = (p̂)2 +
~β0

2

�
= −~

2 ∂
2

∂x2
+

~β0

2

�
, (5.24)

q̂2 = (q̂)2 +
~

2β0

�
= x̂2 +

~

2β0

�
, (5.25)

Î =
1

2

(
1

β0
p̂2 + β0x̂

2

)
= −i~ ∂

∂θ
, (5.26)

Ĥh.o. = ωÎ = − ~
2

2m

∂2

∂x2
+
mω2

2
x̂2 +

~ω

2
, (5.27)

where Hh.o. = ωI = ω~zz∗ = 1
2mp

2 + mω2

2 q2.

5.3. Toeplitz quantization of the generators of the dynamics —

geometric quantization

The Toeplitz quantization, that we first have defined for multiplication

operators as the projection into the polarization subspace L̆, can be ex-

tended to the differential operators of the generators of the dynamics:

Gf 7→ TGf
:= PL̆GfPL̆. (5.28)

By composition with the isomorphism Ξ one defines the associated operator

on the quantum Hilbert space H:

Gg 7→ Ĝg := Ξ PL̆GgPL̆ Ξ−1,

which can be expressed in terms of the bases ηn of L̆ and |n〉 of H as

Gg 7→ Ĝg =
∑

n′,n

|n′〉〈ηn′ |Gg |ηn〉〈n|. (5.29)
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The Schrödinger equation in the Hilbert space H, corresponding to a clas-

sical Hamilton function Hcl is thus given by

i
∂ψ

∂t
= ĜHcl

ψ, i.e. i~
∂ψ

∂t
= ĤHcl

ψ, with ĤHcl
:= ~ĜHcl

.

The Poisson brackets can be expressed in terms of the complex coordi-

nates (5.4), choosing λ = ~, as

{
h, f

}
:=

i

~

∑

j

∂h

∂zj

∂f

∂z∗j
− ∂h

∂z∗j

∂f

∂zj
,

and Λf as

Λf = −1

2

∑

j

z
∂f

∂z
+ z∗

∂f

∂z∗
.

For a Hamilton function of the form f = zkz∗m the quantized generator of

the dynamics is given by

~Ĝf = âkâ†m − km â(k−1)â†(m−1). (5.30)

This result can be obtained by the following steps: We first determine

Λf = −k +m

2
zkz∗m , (5.31)

~X̃f = kz(k−1)z∗m ∂

∂z∗
−mzkz∗(m−1) ∂

∂z
, (5.32)

~Gf = f + Λf + ~X̃f (5.33)

=

(
1 − k +m

2

)
zkz∗m + kz(k−1)z∗m ∂

∂z∗
−mzkz∗(m−1) ∂

∂z
. (5.34)

Then we determine X̂f := Ξ PL̆X̃fPL̆ Ξ−1, as

~X̂f =
k +m

2
âkâ†m − km â(k−1)â†(m−1), (5.35)

which combined with

T̂zkz∗m = âkâ†m (5.36)

yields (5.30).

Remark. Eq. (5.30) is a special case of Tuynman’s relation [42], which

allows to express the quantization of the generator of the dynamics Gf in

terms of the Toeplitz quantization of an associated observable τ(f):



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 03-jauslin

82 H.-R. Jauslin and D. Sugny

Proposition (Tuynman’s relation [42]).

~Ĝf = T̂τ(f), with τ(f) := f − ∂2f

∂z∂z∗
. (5.37)

This relation can be written in a more general context as τ(f) := f+ ~

4∆dR,

where ∆dR is the de Rham Laplacian, which in our case is given by ∆dR =

− 4
~

∂2

∂z∂z∗ . We notice that in [42] the complex variables z are defined with

a convention that differs from ours by a factor
√

2. We remark that

∂2f

∂z∂z∗
=

~

2

(
1

β0

∂2f

∂q2
+ β0

∂2f

∂p2

)
. (5.38)

In Table 5.1 we give for some examples of the expressions of the operators

Λf , X̃f , T̂f , Ĝf . We use the notation x̂ = Mx; p̂ = −i~ ∂
∂x . In Table 5.1

we have expressed the quantized operator corresponding to the action I , in

the phase representation [12–14] where the Hilbert space H is generated by

the functions {einθ, n ∈ N0}. We remark that there is no simple explicit

expression for the T̂V , ĜV corresponding to a general potential V (q).

For the harmonic oscillator we have:

Hh.o. = ω

(
1

2mω
p2 +

1

2
mωq2

)
= ωI = ~ωzz∗ , (5.39)

ΛHh.o.
= −Hh.o. , (5.40)

X̃Hh.o.
= −iω

(
1

2mω
p
∂

∂q
+

1

2
mωq

∂

∂p

)
= −iω ∂

∂θ
, (5.41)

GHh.o.
= X̃Hh.o.

, (5.42)

T̂Hh.o.
= ω

(
1

2mω
p̂2 +

1

2
mωx̂

)
+

~ω

2
(5.43)

= ~ωââ† = ~ω

(
â†â+

1

2

)
+

~ω

2
, (5.44)

Ĥh.o. ≡ ~ĜHh.o.
= ~X̂Hh.o.

(5.45)

= ~ω(ââ† − 1) = ~ωâ†â (5.46)

=

(
1

2m
p̂2 +

1

2
mω2x̂

)
− ~ω

2
. (5.47)

5.4. Quantization by coherent states

An alternative formulation of the quantization of multiplication operators

on LK using coherent states was proposed in [33–36]. As we will discuss
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Table 5.1. Some examples of the expressions of the operators Λf , X̃f , T̂f , Ĝf .

f Λf X̃f Gf T̂f ~Ĝf = Ĥf

1 0 0 1
~

� � �

zkz∗m − k+m
2

zkz∗m (5.32) (5.34) âkâ†m âkâ†m − kmâ(k−1)â†(m−1)

q − 1
2
q i ∂

∂p
1
2~

q + i ∂
∂p

x̂ x̂

p − 1
2
p −i ∂

∂q
1
2~

p − i ∂
∂q

p̂ p̂

q2 −q2 i2q ∂
∂p

i2q ∂
∂p

x̂2 + ~

2β0
x̂2 − ~

2β0

p2 −p2 −i2p ∂
∂q

−i2p ∂
∂q

p̂2 + ~β0
2

p̂2 − ~β0
2

I −I −i{I, ·} −i{I, ·} ≡ −i ∂
∂θ

−i~ ∂
∂θ

+ ~

�

−i~ ∂
∂θ

V (q) − 1
2
q ∂V

∂q
i ∂V

∂q
∂
∂p

1
~
V − ∂V

∂q

(
q
2~

− i ∂
∂p

)
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below, this formulation yields the same quantized operators as the Toeplitz

quantization. It can also be extended to yield the same quantization of the

generators of the dynamics.

5.4.1. Definition of coherent states

There are several definitions of coherent states that emphasize different

types of properties [15, 17, 27]: Minimization of the Heisenberg uncertainty

relations [25], group theoretical properties [20, 23], annihilation operator

eigenfunctions [26].

For the purpose of establishing relations between classical and quantum

systems one can use a definition that addresses only one property that is

shared by all the other definitions: We consider a Hilbert space H and a

phase space M with a volume measure dµ.

Definition. A complete set of vectors indexed by the points of M, {|ζHz0
〉 ∈

H}z0∈M, is defined by a continuous map M → H, z0 7→ |ζz0
〉, such that

∫

M

dµ(z0) |ζHz0
〉〈ζHz0

| =
�
H. (5.48)

Definition. The corresponding coherent states are defined as the normal-

ized vectors

|CH
z0
〉 :=

1

ν(z0)
|ζHz0

〉, (5.49)

with ν2(z0) := 〈ζHz0
|ζHz0

〉. The non-normalized vectors |ζHz0
〉, will also be

called unnormalized coherent states.

5.4.2. Construction of the coherent states determined by the

selection of a polarization subspace

In [27, 33, 36] a general construction of coherent states was proposed which

is based on the selection of a polarization subspace L̆. We assume that the

elements of L̆ are continuous functions. One defines for each point z0 ∈ M
of the phase space an evaluation functional, that assigns to each function

its value at the point z0:

δz0
: L̆ → C (5.50)

|ξ〉 7→ ξ(z0). (5.51)
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Under the assumption that this linear map is continuous, by Riesz’s theorem

[39] there is a unique vector |ζz0
〉 ∈ H such that ∀|ξ〉 ∈ L̆

δz0
|ξ〉 = 〈ζz0

| ξ〉.

One can give an explicit expression of the functional 〈ζz0
| in terms of the

arbitrary orthonormal basis of continuous functions{|ηn〉} ∈ L̆:

δz0
≡ 〈ζz0

| =
∑

n

ηn(z0)〈ηn|, (5.52)

since, ∀|ξ〉 ∈ L̆, |ξ〉 =
∑

n |ηn〉〈ηn|ξ〉 and thus,

δz0
|ξ〉 =

∑

n

δz0
(|ηn〉)〈ηn|ξ〉 =

∑

n

ηn(z0)〈ηn|ξ〉.

The corresponding vector can thus be written as

|ζz0
〉 =

∑

n

η∗n(z0)|ηn〉. (5.53)

The set of vectors |ζz0
〉 satisfies the following completeness relation:

∫

M

dµ(z0) |ζz0
〉〈ζz0

| =
�

L̆, (5.54)

since

∫

M

dµ(z0)|ζz0
〉〈ζz0

| =
∑

n′,n

(∫

M

dµ(z0) η
∗
n′(z0)ηn(z0

)
|ηn′〉〈ηn|

=
∑

n′,n

δn′,n|ηn′〉〈ηn| =
�

L̆,

where we have used
∫
M dµ(z0) η

∗
n′(z0)ηn(z0) = δn′,n.

We remark that, since the evaluation vector |ζz0
〉 is a function of z which

belongs to the subspace L̆, we can write it as

ζz0
(z) =

∑

n

η∗n(z0) ηn(z).

In the limit case when the polarization subspace coincides with the total

Hilbert space L̆ = LK , the evaluation vector tends formally to a Dirac delta

function:

ζz0
(z) −−−−−→

H→LK

δ(z − z0).
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The coherent states |Cz0
〉 determined by the choice of the subspace L̆

are defined by normalizing the vectors |ζz0
〉:

|Cz0
〉 :=

1

ν(z0)
|ζz0

〉,

with

ν2(z0) := 〈ζz0
|ζz0

〉 =
∑

n′,n

ηn′(z0)η
∗
n(z0)〈ηn′ |ηn〉 =

∑

n

|ηn(z0)|2.

One can define the analogue of the the evaluation vectors and of the

evaluation functionals in the quantum Hilbert space H (e.g. in Fock space

F or in L2(R, dx)) by

|ζHz0
〉 := Ξ

(
|ζz0

〉
)

=
∑

n

η∗n(z0)|n〉 (5.55)

δHz0
≡ 〈ζHz0

| :=
∑

n

ηn(z0)〈n|, (5.56)

where {|n〉} is the orthogonal basis of the space H.

Remark. As we will see in Section 5.4.3 in the quantization of observables

and of the dynamics we don’t actually use the normalized coherent states

|Cz0
〉, but directly the evaluation functionals 〈ζz0

|, 〈ζHz0
| and their duals, the

evaluation vectors |ζz0
〉, |ζHz0

〉 (that we will also call unnormalized coherent

states). The essential property are the completeness relations (5.48), (5.54).

We remark, however, that for the standard Glauber coherent states [18, 19],

as well as for the spin or atomic coherent states of Gilmore [22] and of

Perelomov [21], the normalization factor ν(z0) is independent of z0, and

thus the coherent states and the unnormalized coherent states are related

by just a multiplicative constant.

In summary, the choice of a polarization subspace L̆ and the isomor-

phism Ξ define the coherent states (5.56) uniquely. We will see in Sec-

tion 6.0.2 an inverse property: A given set of coherent states in H deter-

mines uniquely a polarization subspace L̆ ⊂ LK and the isomorphism Ξ.

5.4.3. Coherent state quantization of observables

Using these unnormalized coherent states one can associate to each multi-

plication operator Mf on LK an operator CMf
on the subspace L̆:

CMf
:=

∫

M

dµ(z0)f(z0)|ζz0
〉〈ζz0

|. (5.57)
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The following argument shows that the quantized operator CMf
defined

by Eq. (5.57) with the coherent states, is identical to the Toeplitz operator

(5.13) defined by projection on the polarization subspace L̆: CMf
≡ TMf

.

By inserting the representations (5.52), (5.53) into (5.57), we obtain

CMf
=
∑

n′,n

∫

M

dµ(z0) f(z0) η
∗
n′(z0) ηn(z0) |ηn′〉〈ηn|

=
∑

n′,n

|ηn′〉
(∫

M

dµ(z0) f(z0) η
∗
n′(z0) ηn(z0)

)
〈ηn|,

and using the fact that

∫

M

dµ(z) f(z) η∗n′(z) ηn(z) ≡ 〈ηn′ |Mf |ηn〉

and defining the projector PL̆ :=
∑

n |ηn〉〈ηn| into the polarization subspace

L̆, we can write

CMf
=
∑

n′,n

|ηn′〉〈ηn′ |Mf |ηn〉〈ηn|

= PL̆MfPL̆ ≡ TMf
,

which is the Toeplitz operator (5.13).

Using the analogues of the evaluation vectors and functionals defined

by Eqs. (5.55) in the quantum Hilbert space H (i.e. on Fock space F or in

L2(R, dx)), the quantized operator f̂ corresponding to the observable f is

given by

f̂ =

∫

M

dµ(z0) f(z0) |ζHz0
〉〈ζHz0

|. (5.58)

5.4.4. Coherent state quantization of the generators of the dynamics

The Toeplitz quantization of the generator of the dynamics can also be

expressed in terms of coherent states. The formula (5.57), originally defined

for multiplication operators, can be extended to the differential operators

Xg appearing in the generators Gg

CXg
:=

∫

M

dµ(z0) |ζz0
〉 Xz0

g (〈ζz0
|) (5.59)
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where the notation X
z0
g indicates that the differential operator acts on the

variables z0 and not on z:

X
z0
g (〈ζz0

|) = X
z0
g

∑

n

ηn(z0)〈ηn| =
∑

n

Xg(ηn(z0))〈ηn|

=
∑

n

{g(z0), ηn(z0)}〈ηn|.

The coherent state quantization of the generators of the dynamics can thus

be written as

CGg
:=

∫

M

dµ(z0) |ζz0
〉 Gz0

g (〈ζz0
|). (5.60)

The result is again the same one as the one obtained by Toeplitz quan-

tization:

CGg
= TGg

.

This can ve verified by an argument along the same line as the one for the

multiplication operators:

CGg
=

∫

M

dµ(z0) |ζz0
〉 Gz0

g (〈ζz0
|) (5.61)

=
∑

n′,n

∫

M

dµ(z0) η
∗
n′(z0) G

z0
g (ηn(z0)) |ηn′〉〈ηn| (5.62)

=
∑

n′,n

|ηn′〉
(∫

M

dµ(z0) η
∗
n′(z0) G

z0
g (ηn(z0))

)
〈ηn| (5.63)

=
∑

n′,n

|ηn′〉〈ηn′ | Gg |ηn〉〈ηn| (5.64)

= PL̆GgPL̆ ≡ TGg
. (5.65)

6. Dequantization by Coherent States

Coherent states can be used for the opposite process, called dequantization,

which is the construction of a classical system for a given quantum model

[37, 40].

The general problem of dequantization can be formulated as follows:

Given a quantum system defined on a Hilbert space H, with observables Â

and a dynamics generated by a Hamiltonian Ĥ , the goal is to find

(a) a phase space manifold M and a measure dµ,

(b) a subspace L̆ ⊂ L2(M, dµ), and an isomorphism Ξ between L̆ and H,



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 03-jauslin

Dynamics of Mixed Classical-Quantum Systems 89

(c) for each relevant observable Â a function fA : M → C such that the

Toeplitz quantization of fA yields the operator A: Ξ TfA
Ξ−1 = Â,

(d) a function Hcl such that the Toeplitz quantization of GHcl
yields the

operator Ĥ .

We remark that dequantization is not a classical limit procedure involv-

ing ~ → ∞ but a correpondence, i.e. a map that assigns a classical system

to a given quantum system.

We remark that the dequantization of the Hamiltonian, i.e. of the gen-

erator of the quantum dynamics, is different than the dequantization of the

observables. A procedure of dequantization along the above requirements

can be formulated using coherent states as follows.

6.0.1. (a) Construction of a phase space manifold from a set of

coherent states

The first step is the construction of a set of coherent states. For any given

quantum system, the choice of coherent states is not unique. The approach

of Gilmore and of Perelomov, based on a group theoretical construction,

yields a phase space manifold M, a measure dµ and a set of unnormalized

coherent states satisfying the completeness relation
∫
dµ(z0) |ζz0

〉〈ζz0
| =

�
.

This step is described in detail in [20, 23, 41].

6.0.2. (b) Construction of the polarization subspace and of the

isomorphism Ξ from a given set of unnormalized coherent states

If a complete set of unnormalized coherent states {|ζHz0
〉 ∈ H}z0∈M is given,

one can construct a polarization subspace L̆ ⊂ LK and an isomorphism

Ξ : L̆ → H such that the states |ζz0
〉 defined by Eq. (5.53) coincide with

the states |ζHz0
〉:

Ξ|ζz0
〉 = |ζHz0

〉.

This can be shown as follows. We introduce a map ΞHus : H → LK by

ΞHus : ψ 7→ ξ defined by ξ(z0) := 〈ζHz0
|ψ〉.

We will call ΞHus the Husimi map since |ξ(z0)|2 is the Husimi function

corresponding to the state ψ. The Husimi map defines an isomorphism

between H and a subspace L̆ of LK , that satisfies the following properties:
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(i) ΞHus is a continuous linear map that preserves the scalar products,

i.e.

〈 ΞHus

(
ψ1

)
| ΞHus

(
ψ2

)
〉LK

= 〈ψ1|ψ2〉H,

since

〈 ΞHus

(
ψ1

)
| ΞHus

(
ψ2

)
〉LK

=

∫

M

dµ(z0)
(
ΞHus

(
ψ1

))∗
ΞHus

(
ψ2

)

=

∫

M

dµ(z0) 〈ψ1|ζHz0
〉H〈ζHz0

|ψ2〉H

= 〈ψ1|
(∫

M

dµ(z0) |ζHz0
〉〈ζHz0

|
)
|ψ2〉

= 〈ψ1|ψ2〉H.

This implies that the image of ψ ∈ H is indeed in the space LK of

square-integrable functions.

(ii) The image ΞHus(H) =: L̆ is a subspace of LK .

(iii) We chose an arbitrary orthonormal basis {|n〉}n∈I⊂Z of H. Its image

by the Husimi map defines

ηn := ΞHus|n〉.

The set of functions {ηn}n∈I⊂Z is an orthonormal set that spans the sub-

space L̆ ⊂ LK . If we define the isomorphism Ξ : L̆ → H by ηn 7→ |n〉, we

can identify it as the inverse of the Husimi map : Ξ = Ξ−1
Hus, and

Ξ|ζz0
〉 = Ξ

∑

n

η∗n(z0) |ηn〉

=
∑

n

η∗n(z0) |n〉 = |ζHz0
〉.

We consider as an example the case of the standard Glauber coherent

states defined on the Fock space H by

|CH
z 〉 := ezâ†−z∗â|n = 0〉.

With respect to the basis {|n〉} they are expressed as

|CH
z 〉 = e−zz∗/2

∞∑

n=0

zn

√
n!
|n〉. (6.1)

Since they satisfy the completeness relation

�
=

1

π

∫
d2z|CH

z 〉〈CH
z | =

1

2π~

∫
dµ(z)|CH

z 〉〈CH
z |,
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the unnormalized coherent states are

|ζHz 〉 =
1√
2π~

|CH
z 〉.

The image of the corresponding Husimi map ΞHus : H → LK is spanned

by the following vectors:

ΞHus|n〉 ≡ 〈ζHz |n〉 =
1√

2π~n!
zne−zz∗/2. (6.2)

This subspace is different from the polarization subspace L̆ we chose in

(5.12), since zn generates holomorphic instead of anti-holomorphic func-

tions. In order to obtain the subspace L̆ we have to choose a slightly differ-

ent set of coherent states, exchanging z and z∗:

|C ′H
z 〉 := ez∗â†−zâ|n = 0〉, |ζ ′Hz 〉 =

1√
2π~

|C ′H
z 〉. (6.3)

which leads to the subspace generated by

Ξ′
Hus|n〉 ≡ 〈ζ ′Hz |n〉 =

1√
2π~n!

z∗ne−zz∗/2, (6.4)

which is equal to the polarization subspace L̆ ∈ LK of the Berezin-Toeplitz

quantization that we defined in (5.12).

6.0.3. (c) Dequantization of the observables — covariant and

contravariant symbols

For a given operator Â one can define two types of symbols, which are

functions or more generally distributions on the phase space M:

(i) The contravariant symbol fÂ — also called upper bound symbol or P-

symbol — is defined as a function (or more generally distribution) such

that Â = T̂fÂ
, i.e.

Â = T̂fÂ
≡ Ξ PL̆fÂPL̆ Ξ−1 ≡

∫

M

dµ(z0)fÂ(z0) |ζHz0
〉〈ζHz0

|. (6.5)

(ii) The covariant symbol SÂ — also called lower bound symbol or Q-

symbol — is defined as

SÂ(z0) := 〈ζHz0
|Â|ζHz0

〉. (6.6)

We remark that while for some operators Â the symbols can be expected

to be smooth functions on M for other operators the symbols may not be

well-defined or they may be a more singular object like e.g. a distribution.
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The validity of the following formal relations between an operator Â and its

covariant and contravariant symbols must be analyzed for each particular

type of operator.

(1) The covariant Q-symbol SÂ(z0) can be calculated directly, provided

that the coherent states are in the domain of definition of the operator

Â, i.e. provided that the scalar product is well defined. For the standard

Glauber coherent states, it can be expressed also as [17, 23]

SÂ(z0) =
1

π

∫

C

d2z ez0z∗−z∗
0z Tr

(
Âe−z∗âezâ†)

. (6.7)

(2) The contravariant P-symbol fÂ(z0) can be written as the following

formal expression:

fÂ(z0) =
1

π

∫

C

d2z ez0z∗−z∗
0z Tr

(
Âezâ†

e−z∗â
)
. (6.8)

The covariant symbol SÂ is generally easier to calculate and more regu-

lar that the covariant one fÂ. fÂ can be expressed in terms of SÂ through

their Fourier transforms: defining the Fourier transforms

f̃Â(w) :=
1

π

∫

C

d2z fÂ(z)ewz∗−w∗z , (6.9)

S̃Â(w) :=
1

π

∫

C

d2z SÂ(z)ewz∗−w∗z (6.10)

and their inverses

fÂ(z) :=
1

π

∫

C

d2z f̃Â(w)e−wz∗+w∗z , (6.11)

SÂ(z) :=
1

π

∫

C

d2z S̃Â(w)e−wz∗+w∗z (6.12)

one can establish [17, 23] the relation

f̃Â(w) = ew∗wS̃Â(w) ,

which, applying the inverse Fourier transform, can be written as

fÂ(z) = e−
∂2

∂z∂z∗ SÂ(z) = e−
∂2

∂z∂z∗ 〈ζHz |Â|ζHz 〉. (6.13)

Remark. This relation is also true for the conjugate Glauber coherent

states (6.3), since it is invariant upon the exchange of z an z∗.
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6.0.4. (d) Dequantization of the Hamiltonian generator of the dynamics

Given an operator Ĥ in H, we want to determine a function H(p, q), such

that

~ĜH = Ĥ.

Using Tuynman’s relation, this is equivalent to

T̂τ(H) = Ĥ

The function h := τ(H) is, by definition, the contravariant symbol of Ĥ ,

which according to Eqs. (6.6), (6.13) can be expressed as

h = e−
∂2

∂z∂z∗ 〈ζHz |Ĥ|ζHz 〉. (6.14)

In order to obtain the function H we have to invert Tuynman’s relation

(5.37):

H − ∂2H

∂z∂z∗
= h,

which we can write formally as

H =

(
� − ∂2

∂z∂z∗

)−1

h.

Inserting (6.14) we obtain

H =

(
� − ∂2

∂z∂z∗

)−1

e−
∂2

∂z∂z∗ 〈ζz |Ĥ |ζz〉. (6.15)

We remark that − ∂2f
∂z∂z∗ = −~

2

(
1
β0

∂2f
∂q2 + β0

∂2f
∂p2

)
is a positive operator

(∼ −∆ in adapted coordinates). Thus (
� − ∂2

∂z∂z∗ )−1 is well defined and

bounded in a suitably defined function space [42]. However, e−
∂2

∂z∂z∗ is an

unbounded operator, which is the origin of the regularity difficulties of the

contravariant symbol. It will be regular if the contravariant symbol is in

the domain of the Laplacian.

7. Conclusions

In summary, the formalism that we have described allows one to construct

models describing the interaction between classical and quantum systems

in a well-defined Hilbert space framework. The geometric quantization of

a classical system consists of selecting a subspace of the classical Hilbert

space of functions on phase space. The quantization of the observables is
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defined by projecting the classical observables on this subspace. The quan-

tization of the dynamics involves first the addition of a dynamical and a

geometrical phase to the classical dynamics and then projecting the gen-

erator of the dynamics on the subspace. The dequantization of a quantum

model consists of the inverse procedure: given a Hamiltonian, an algebra

of observables represented in a Hilbert space, and a set of coherent states,

one can construct an associated phase space manifold and the classical

Hilbert space of square-integrable functions, with a suitable subspace that

gives back the original quantum model when the geometric quantization is

performed.

In the definition of the quantum models by Berezin-Toeplitz-geometrical

quantization, Planck’s constant ~ appears in two places, that can be con-

sidered conceptually independent: The first one is in the phase factor (3.3)

of the pre-quantum Koopman-Schrödinger wave function. The second one

is in the selection of the polarization subspace, which depends crucially

on the value of the constant ~. Although in principle the two constants

could be taken with two different independent values (to be determined

by comparison with experiments), they are taken to be equal to a single

constant ~.
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14. S. Guérin, F. Monti, J.-M. Dupont and H. R. Jauslin; On the relation between
cavity dressed states, Floquet states, RWA approximation and semiclassical
models; J. Phys. A 30 (1997) 7193.

15. J. R. Klauder; The Current State of Coherent States; arXiv:quant-ph/
0110108 (2001).

16. J. R. Klauder; Continuous representation theory II. Generalized relation be-
tween quantum and classical dynamics; J. Math. Phys. 4 (1963) 1058-1073.

17. J. R. Klauder and B. S. Skagerstam; Coherent States: Applications in Physics
and Mathematical Physics; World Scientific, Singapore, 1985.
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Promising candidates for quantum memory are N -spin systems with
specially designed Hamiltonians weakly coupled to heat baths. Their
dynamics can be described by quantum dynamical semigroups of the
Davies type. The rigorous results concerning 2D and 4D Kitaev models
are briefly reviewed and their physical meaning is discussed.

0. Introduction

Any attempt of large scale implementations of the idea of quantum comput-

ing demands fault-tolerance. The existing theory of fault-tolerant quantum

computing (FTQC) with the famous threshold theorems [1, 2] is based on

the phenomenological assumptions which disagree with the fundamental

features of the Hamiltonian approach to quantum computation [3, 4]. On

the other hand the rigorous analysis of Hamiltonian models of computers

executing generic quantum algorithms is still out of range. Therefore, it is

reasonable to restrict the discussion to the problem of the existence of quan-

tum memory (QM), i.e. of a device which can preserve an unknown M -qubit

state for a sufficiently long time. One should also have an efficient methods

of preparation and readout of such a state. In any case, the most important

feature of QM is its scalability. Firstly, one should be able to compose a

M -qubit memory from M units (1-qubit QMs) each of them consisting of N

physical qubits. Secondly, under achievable external conditions (low enough

temperature, high vacuum, screening , . . . , etc.) the life-time of encoded

qubit observables should increase exponentially with N . The last condition

is necessary to allow arbitrary long effective quantum computations. In the

following by QM we mean such a scalable, exponentially stable 1-qubit QM.

97
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It is obvious that the idea of QM presents a challenge to the Bohr

Correspondence Principle (BCP). In its general formulation BCP demands

that:

Classical physics and quantum physics give the same answer when the sys-

tem become large,

or in other words:

For large systems the experimental data are consistent with classical prob-

abilistic models.

Indeed, assuming that BCP is universally valid, large N QM device should

be described by a classical model and therefore cannot carry a genuine

quantum information.

Therefore the natural question arises:

Are there fundamental obstacles to build a Quantum Memory?

Although some more or less heuristic “no-go theorems” for QM have

been presented [5, 6], the rigorous analysis of the proposed models for QM

is inevitable to clarify this issue. All models considered in the following are

interacting systems of N physical qubits called spins weakly coupled to a

heat bath at the temperature T > 0. Although, there exist different sources

of noise, only the thermal fluctuations cannot be completely eliminated by

a proper “engineering”. Under certain conditions on the system Hamilto-

nian and its coupling to a heat bath the dynamics of the N -spin systems

is governed by the quantum Markovian master equation (QMME) in the

Davies form [7] (a particular case of the Lindblad-Gorini-Kossakowski-

Sudarshan QMME [8, 9]). For such models the question of existence of

stable encoded qubit reduces to the the spectral analysis of the correspond-

ing Davies generator in the Heisenberg picture. This leads to interesting

mathematical problems which were treated in the papers [10–12] for the

particular models: 1D Ising, and 2, 3, 4D Kitaev models. The Kitaev models

were considered as relatively simple candidates for QM [13, 14]. We shall

briefly discuss the obtained rigorous results. While the 2D and 3D Kitaev

models do not support stable encoded qubits the 4D case possesses exponen-

tially stable qubit observables. However, the effective manipulations with

such an encoded qubit are questionable.

1. Encoded Qubit

By a physical qubit we mean a “natural” system described by 2-dim Hilbert

space and the algebra M2 of 2 × 2 matrices spanned by I , σx, σy, σz .
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Sometimes this description is exact like for spin-1/2 or photon’s polar-

ization, in other cases only approximated like for a “2-level atom” or

mesoscopic bistable systems. An encoded qubit can be identified with a

subalgebra Q of the algebra of observables A of the total system spanned

by the self-adjoint elements I , X , Y , Z satisfying X2 = Y 2 = Z2 = I ,

XY = iZ, and cyclic permutations. Equivalently Q can be seen as a sub-

algebra generated by X, Z ∈ A such that

X = X†, Z = Z†, X2 = Z2 = I, XZ + ZX = 0 . (1.1)

In the following the total system is a N -spin system with the 2N×2N matrix

algebra A = M2N . As an illustration, consider the following examples:

(1) Trivial encoding into spin

X = σx
1 ⊗ I[2,N ], Z = σz

1 ⊗ I[2,N ] . (1.2)

(2) Encoding for 1D Ising model with periodic boundary conditions and

the Hamiltonian

H1D
N = −J

N∑

j=1

σz
j σz

j+1 = −J

N∑

j=1

bj , (σz
N+1 ≡ σz

1) (1.3)

written in terms of bonds bj = σz
j σz

j+1. We define two examples of

encoded qubit generators commuting with H1D
N :

X = σx
1 ⊗ σx

2 ⊗ · · ·σx
N , Z = σz

1 ⊗ σx
2 ⊗ · · ·σx

N , (1.4)

X ′ = XFx , Z ′ = ZFz , F †
x,z = Fx,z ,

F 2
x,z = I , Fx,z-function of bonds .

(1.5)

One can show that the example (1.5) is the most general encoded qubit

commuting with all bonds. It means that such qubit observables are con-

stant of motion for all Hamiltonians which are functions of bonds. A similar

construction will be used for Kitaev models also.

2. A Generic Model of Classical Memory

In order to understand the mechanism of information protection against

thermal noise we begin with the brief discussion of the classical case. Typi-

cally, to encode classical information metastable local minima of free energy

separated by free energy barriers are used. As the height F of such a barrier

is proportional to the size of the system given by the number of its micro-

scopic constituents N the probability of transition between local minima is
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dominated by the Boltzmann factor exp{−F/kT} what leads to exponen-

tially long (in N) life-times.

As paradigmatic examples one can consider classical Ising models used

to encode a single bit — magnetization’s sign. To see what are the necessary

conditions to achieve stability we compare a mean-field Ising model with

the Hamiltonian

Hmf
N = − J

2N

N∑

i,j=1

σz
i σz

j (2.1)

with the 1D one given by (1.3). Comparing the energy difference between

two spin configuration:

+ + + + + + + + + + + + + and + + + −−−−︸ ︷︷ ︸
k-times

+ + + + + + ,

one obtains

∆Emf = Jk − Jk2

2N
, ∆E1D = 2J. (2.2)

For the mean-field model the energy difference grows with the number of

flipped spins what provides a mechanism of bit’s protection against noise

and leads to the phase transition phenomenon below the critical tempera-

ture. On the other hand for 1D Ising model only finite portion of energy is

needed to reverse all spins and hence no phase transition is present.

A more detailed analysis of the stability for classical lattice models in-

volves stochastic dynamics which simulates the evolution of the system

coupled to a heat bath. The standard example is the Glauber dynamics for

classical Ising models.

Denote by s = {σk = ±1, k = 1, 2, . . . , N} the configuration of N spins,

and by sj the configuration s with one “j”-spin flipped, σj → −σj . The

time-dependent probability distribution on the set of configurations denoted

by Ps(t) satisfies the following Markovian Master Equation

d

dt
Ps = γ

N∑

j=1

(
Psj − e−

Ej(s)

kT Ps

)
(2.3)

where Ej(s) = HN (sj) − HN (s) and γ is the relaxation rate. The Glauber

dynamics possesses several important properties which are consistent with

the phenomenology of thermal relaxation:
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(1) Equilibrium Gibbs state

P eq
s = Z−1e−

HN (s)

kT (2.4)

is a stationary solution of (2.3),

(2) For any initial state Ps(0) the solution of (2.3) converges to P eq
s

lim
t→∞

Ps(t) = P eq
s , (2.5)

(3) The detailed balance condition holds, i.e. at equilibrium the probability

flow from s to sj is exactly compensated by the reverse process.

There exist numerous results for Glauber dynamics, both rigorous and

numerical supporting the picture presented above of metastable exponen-

tially long living states below the critical temperature for models exhibit-

ing phase transitions. In order to check whether a similar mechanism of

metastability can be used to protect a quantum state one has to propose

suitable N -spin quantum models with quantum evolutions corresponding

to Glauber dynamics.

3. Davies Generators

Consider a quantum N -spin system with the Hamiltonian HN weakly cou-

pled to a heat bath at the temperature T > 0. The structure of the coupling

is fundamental for the discussion of stability. A generic coupling can be seen

as a combination of two extreme cases: collective bath coupling and private

baths one. The interaction Hamiltonian of the collective type has form

Hint =
∑

µ=x,y,z

(
N∑

j=1

σµ
j

)
⊗ F µ (3.1)

and is invariant with respect to spin permutations. This invariance im-

plies the existence of decoherence-free subsystems corresponding to some

subalgebras of observables which are not affected by the environment

[15, 16]. Physically, such a symmetry with respect to permutations can

be treated only as a rough approximation (compare the phenomenon of

superradiance). Real systems possess certain ergodic properties which for-

bid the existence of decoherence-free subsystems. Such ergodicity is realized

by the private heat baths coupling of the form

Hint =
∑

µ=x,y,z

N∑

j=1

σµ
j ⊗ F µ

j , (3.2)
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which will be used here as a simplifying assumption. Moreover, we assume

that all heat baths are identical as well as all baths’ observables F α
j ≡ F .

Therefore, also HB =
∑

Hµ,j
B and a bath’s equilibrium state ωB = ⊗ωµ,j

B

with identical copies of Hµ,j
B and ωµ,j

B .

The starting point for the analysis is the reduced dynamics for the

density matrix of the spin system given in terms of a partial trace over the

bath

ρ(t) = TrB

(
U(t)ρ(0) ⊗ ωBU †(t)

)
(3.3)

where U(t) is a unitary dynamics of the total system governed by the Hamil-

tonian

HNB = HN + HB + λ
∑

α

Sα ⊗ Fα . (3.4)

Strictly speaking the physical Hamiltonian HN in (3.4) should be re-

placed by a bare Hamiltonian which contains some counterterms used to

cancel the Hamiltonian corrections caused by the interaction with the bath.

We do not go into details of this renormalization procedure and in the final

formulas concerning QMMEs only physical Hamiltonian appears. In the

interaction Hamiltonian the explicit small coupling constant λ is present,

and Sα is a shorthand notation for σx,y,z
j from Eq. (3.2). The standard

assumption

Tr(ωBFα) = 0 (3.5)

is also added.

Denote by {ω} the set of Bohr frequencies of the Hamiltonian HN (i.e.

all differences of its eigenvalues), and let Sα(ω) be the discrete Fourier

components of Sα in the interaction picture, i.e.,

Sα(t) = exp(iHN t)Sα exp(−iHN t) =
∑

{ω}

Sα(ω) exp(iωt) . (3.6)

A well-known sequence of approximations involving van Hove weak coupling

limit, discussed for example in [7, 17] leads to the following QMME

dρ

dt
= −i[HN , ρ] + Lρ, (3.7)

Lρ ≡ 1

2
λ2
∑

α

∑

{ω}

R(ω)
(
[Sα(ω), ρSα(ω)†] + [Sα(ω)ρ, Sα(ω)†]

)
. (3.8)
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Here

R(ω) =

∫ ∞

−∞

eiωtTr
(
ωBF (t)F

)
dt (3.9)

where F (t) = eiHBtFe−iHBt. The spectral density R(ω) at equilibrium state

satisfies the Kubo-Martin-Schwinger condition

R(−ω) = e−ω/kT R(ω). (3.10)

For the further discussion the Heisenberg picture version of the evolution

(3.7), (3.8) is more convenient

dA

dt
= iHA + L∗A, HA ≡ [HN , A] (3.11)

where

L∗A ≡ 1

2
λ2
∑

α

∑

{ω}

R(ω)
(
Sα(ω)†[A, Sα(ω)] + [Sα(ω)†, A]Sα(ω)

)
. (3.12)

The sum G = iH + L∗ generates a semi-group of completely positive,

identity preserving transformations on the algebra of observables with cer-

tain additional properties due to the weak coupling limit construction and

the KMS condition:

(D1) The canonical Gibbs state is stationary with respect to (3.7,3.8)

Tr
(
ρeq etG(X)

)
= Tr

(
ρeq X

)
(3.13)

where

ρeq =
e−HN/kT

Tr(e−HN/kT )
. (3.14)

(D2) The semi-group is relaxing, i.e. any initial state ρ evolves to ρeq

lim
t→∞

Tr
(
ρ etG(X)

)
= Tr

(
ρeq X

)
, (3.15)

(D3) L∗ satisfies the quantum detailed balance condition

HL∗ = L∗H (3.16)

and

Tr
(
ρeq Y † L∗(X)

)
= Tr

(
ρeq
(
L∗(Y )

)†
X
)
. (3.17)

Equation (3.17) expresses the self-adjointness of L∗ with respect to

the Liouville scalar product

〈X , Y 〉eq := Tr
(
ρeq X† Y

)
. (3.18)
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(D4) The dissipative part L∗ of the generator is negative definite.

(D5) Spectral decomposition yields the orthonormal modes Xµ, ν =

0, 1, . . . , 22N − 1 decomposition

A(t) =
∑

ν

e(iων−λν)t〈Xν , A(0)〉eqXν , λν > 0 (3.19)

with X0 ≡ I , iω0 − λ0 = 0 the only eigenvalue equal to zero.

(D6) The diagonal elements of the density matrix computed in the Hamil-

tonian basis evolve independently of the off-diagonal ones and their

evolution is governed by a kind of Glauber dynamics.

Due to (D2) any initial state of the system will eventually relax to equi-

librium. However, it does not exclude the existence of metastable states

with life-times exponentially growing with N . The existence of the corre-

sponding metastable observables which could encode qubits depends on the

properties of the lowest non-zero eigenvalue of −L∗ called spectral gap.

4. Kitaev Models

The Kitaev models in D = 2, 3, 4 dimensions are N -spin models on a

D-dimensional lattice with a toroidal topology, and with a Hamiltonian

exhibiting the special structure:

HN = −
∑

s

Xs −
∑

c

Zc . (4.1)

Here, Xs = ⊗j∈sσ
x
j , Zc = ⊗j∈cσ

z
j are products of Pauli matrices belonging

to certain finite sets on the lattice called “stars” and “cubes” such that all

Xs, Zc commute. The observables Xs, Zc generate an abelian subalgebra

Aab in the total algebra M2N . The commutant of Aab, denoted by C, is

noncommutative, and provides a natural basis for encoded qubits. Indeed,

similarly to the construction for a 1D Ising model (1.4) one can define

bare qubit observables Xµ, Zµ ∈ C where µ = 2, 3, 4 corresponds to D

independent encoded qubits. They are products of the corresponding Pauli

matrices over topologically nontrivial loops (surfaces). The choice of loops

is, of course, non unique.

The Davies generators for the Kitaev models are particularly simple,

due to a strict locality of the model (absence of wave propagation). This

property implies that the Fourier components in (3.6) are local and corre-

spond to only a few Bohr frequencies, independent of the size of the system.
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This makes the analysis of spectral properties of the Davies generator

feasible. Despite this simplification the proofs of the results are too in-

volved to be reproduced here; we refer the reader to [10–12] for details, and

present here only heuristic arguments.

For the 2D Kitaev model the terms containing σx, σz in the interaction

Hamiltonian (3.2) are sufficient to guarantee all properties (D1)–(D6). The

form of the Markovian master equation in the Heisenberg picture is the

following

dA

dt
= i[HN , A] +

1

2

N∑

j=1

{(
a†

j [A, aj ] + [a†
j , A] aj

+ e−2β aj [A, a†
j ] + e−2β [aj , A] a†

j

)
− [a0

j , [a
0
j , A]]

}

+
1

2

N∑

j=1

{(
b†j [A, bj ] + [b†j , A] bj + e−2β bj [A, b†j ] + e−2β [bj , A] b†j

)

− [b0
j , [b

0
j , X ]]

}
. (4.2)

We do not define here the operators aj , a0
j , bj , b0

j but rather give their

physical interpretation. The operator aj (a†
j) annihilates (creates) a pair of

excitations (anyons) attached to the site j and corresponding to the part

of the Hamiltonian −∑Zc in (4.1) (type-Z anyons), while a0
j generates

diffusion of anyons of the same type. Similarly, the operators bj , b†j , b0
j act

on the type-X anions. It follows that the 2D Kitaev model is equivalent to

a gas of noninteracting particles (anyons of two types) which are created/

annihilated in pairs and diffuse. As a consequence there is no mechanism

of macroscopic free energy barrier between different phases which could

protect even a classical information. Rigorously, it was proved that the

the hermitian part of the Davies generator (4.2) possesses a spectral gap

independent of the size N and therefore no metastable observables exist.

Two main mathematical tools used in the proof are: (1) the fact that for a

positive operator K acting on the Hilbert space the inequality K2 ≥ cK,

c > 0 implies that a spectral gap of K is bounded from below by the number

c, (2) the Davies generator is a sum of many negatively defined terms,

some of them can be skipped to simplify estimations without increasing

the spectral gap.

The stability properties of the 4D Kitaev model are much more interest-

ing. Here, the physical picture is rather similar to droplets in the 2D Ising

model [14]. The basic excitations of the system are represented by closed
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loops with energy proportional to the loops’ length providing the mecha-

nism of a macroscopic energy barrier separating topologically nonequivalent

spin configurations (3D model provides this mechanism for one type of

excitations only). The structure of the evolution equation is always similar

to (4.2) with the operators a†
j , b†j creating excitations of two types and a0

j ,

b0
j changing the shape of excitations but not their energy.

The structure of exponentially stable qubit observables X̃µ, Z̃µ ∈ C
with µ = 1, 2, 3, 4 is similar to the construction for the 1D Ising model (1.5)

X̃µ = XµF µ
x , Z̃µ = ZµF µ

z , (4.3)

where F µ
x , F µ

z are hermitian elements of the algebra Aab with eigenvalues

±1. One should notice that the bare qubit observables Xµ are highly

unstable with relaxation times ∼
√

N . The main tools in the proof of

metastability are: the Peierls argument applied to classical “submodels”

of the 4D-Kitaev model generated either by −
∑

s Xs or −
∑

c Zc, and the

following inequality

−〈A,L∗A)〉β ≤ 2 max
{ω}

{R(ω)}
∑

α

〈[Sα, A], [Sα, A]〉β , (4.4)

valid for any Davies generator (3.7), (3.8) and any A in the eigenspace of

[HN , · ]. The formula (4.4) is very useful because it involves only Sα instead

of Fourier components Sα(ω).

The metastable observable (say X̃µ) is constructed by the following

operational procedure, which determines its outcomes:

1. Perform a measurement of all observables σx
j .

2. Compute the value of the bare observable Xµ multiplying the outcomes

for spins belonging to the “surface” which defines Xµ.

3. Perform a certain classical algorithm (polynomial in N) which allows to

compute from the σx
j - measurement data the value ±1 of “correction”,

i.e., the eigenvalue of F µ
x .

4. Multiply the bare value by the correction to get the outcome of X̃µ.

The values of qubit observables of above are obtained by the efficient

operational measurement procedure. However, this measurement is highly

destructive because the observables σx
j do not commute with the total

Hamiltonian (4.1). Therefore, this measurement cannot be used for the

standard procedure of state initialization, which is necessary to operate

on QM.
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5. Concluding Remarks

The models emerging as attempts to design QM, like those proposed by

Kitaev, are interesting from the point of view of mathematical physics.

Their equilibrium and nonequilibirum properties are nontrivial, neverthe-

less tractable by rigorous methods. In particular, they give interesting and

relatively simple examples of quantum irreversible dynamics governed by

Davies generators. New methods of studying their ergodic/spectral proper-

ties were developed which should be applicable for other types of models as

well. The conclusions which can be drawn from the examples are not opti-

mistic for the very idea of QM. Namely, either no metastable qubit exist

or there are serious problems with their accessibility and control. One can

think about a kind of “Heisenberg relation” due to the fact that the same

physical interactions used to control a system provide its coupling to an

environment. Obviously, further rigorous studies of models are necessary

to clarify these questions. For example, one cannot exclude that the ulti-

mate bounds on the efficiency of quantum information processing will be

provided by phenomenological thermodynamics, in particular by its Second

Law [6].
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We survey the modern status of two major analytical problems in quan-
tum information theory. One is the famous additivity conjecture for
information quantities related to the classical capacity of quantum chan-
nel. Another is less familiar and less studied problem of optimizers of
the information quantities characterizing Bosonic Gaussian channels.
We show that for gauge-invariant channels, the validity of the Gaus-
sian minimizer conjecture for the output entropy implies Gaussianity of
the ensemble maximizing the χ-capacity.

1. Formulation

1.1. The additivity problem

For a quantum channel Φ (see Sec. 2.1), a noncommutative analog of the

Shannon capacity, which we call χ-capacity, is defined by

Cχ(Φ) = sup
{πj ,ρj}





∑

j

πjΦ[ρj ]


 −

∑

j

πjH(Φ[ρj ])


 , (1.1)

where the supremum is over all quantum ensembles, that is finite collections

of states (density operators) {ρ1, . . . , ρn} with corresponding probabilities

{π1, . . . , πn}. HereH(ρ) = −Tr ρ log ρ denotes the von Neumann entropy of

the density operator ρ. The quantity (1.1) is closely related to the capacity

of quantum channel Φ for transmitting classical information [20].

The problem is: does the the additivity property

Cχ(Φ1 ⊗ Φ2) = Cχ(Φ1) + Cχ(Φ2) (1.2)

109
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hold for tensor product of any pair of quantum channels Φ1,Φ2? The prob-

lem can be traced back to [3], see also [20].

Such additivity is proved rather simply for the Shannon capacity of par-

allel classical channels, but in the quantum case it is established only for few

cases including both “very classical” and “very quantum” channels. Similar

additivity conjectures exist also for other interesting entropy characteristics

of quantum channels such as the minimal output entropy

Ȟ(Φ) = inf
ρ
H(Φ[ρ]), (1.3)

namely

Ȟ(Φ1 ⊗ Φ2)
?
= Ȟ(Φ1) + Ȟ(Φ2). (1.4)

In the case dimH <∞, which we assume in the first part of this paper, both

inf in (1.3) and sup in (1.1) are attained by continuity-and-compactness

argument and will be replaced by min and max correspondingly. However

it is not so in infinite-dimensional case, and attainability of the extrema

requires separate study, see Sec. 2.4.

The reason for the additivity to hold in the classical case is most easily

seen for the minimal output entropy. Since entropy is concave, it attains its

minimum at an extreme point of the simplex P(X ) of classical states, i.e.

probability distributions on an underlying phase space X , which is just a

distribution degenerated at some point x ∈ X . But every extreme point of

P(X1 ×X2) is product of extreme points of P(Xj):

extP(X1 ×X2) = extP(X1) × extP(X2), (1.5)

which immediately implies the additivity (1.4) in the classical case.

A detailed account of the problem status until 2006 was given in the

author’s talk at the last ICM [23]. A year later came important findings of

Winter [49] and Hayden [14] which showed existence of a pair of channels

breaking the additivity of closely related quantity – the minimal output

Rényi entropy for all values of the parameter p > 1. Quite recently, basing

on this progress, Hastings [12] announced proof of existence of channels

breaking the additivity conjecture (1.4) corresponding to p = 1, in very high

dimensions. This still leaves open the question of explicit demonstration of a

counterexample; other important questions concern what happens in small

and moderate dimensions (e.g. additivity for non-unital qubit channels) and

additivity for certain important classes like Bosonic Gaussian channels.
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1.2. The problem of Gaussian optimizers

Particularly interesting class in infinite dimensional case constitute quan-

tum Gaussian channels (see Sec. 2.3), which can be considered as a natural

generalization of Gaussian channels in classical information theory, where

it is well known that their Shannon capacity under quadratic (power) con-

straint is attained on Gaussian inputs. The conjecture is then that also

quantum Gaussian channels have Gaussian optimizers, e.g. the χ-capacity

of a quantum Gaussian channel Φ under additional input constraint of

the type Tr
(∑

j πjρj

)
F ≤ E, where F is a “quadratic Hamiltonian”, is

attained on a (continuous) Gaussian ensemble of pure Gaussian states. Or

even more simply, the unconditional minimum of the output entropy is

attained on a pure quantum Gaussian state.

In the commutative analysis, a related problem of Gaussian maximiz-

ers which refers to Lp-norms of integral operators with Gaussian kernel

has been studied rather exhaustively (see e.g. the paper of Lieb [32] and

references therein).

There is an intriguing connection with the additivity problem. In the

paper [50] it is shown, by using the quantum central limit theorem, that if

the additivity holds, then the average state of the optimal ensemble can be

chosen Gaussian; however this still leaves untouched the hard problem of

Gaussian optimizer for the second term in χ-capacity which turns out to be

intrinsically connected to another key quantity — entanglement of forma-

tion. Thus, although the Gaussian optimizers problem looks more special,

it might be even more difficult to solve than the additivity conjecture.

Another connection with the additivity conjecture comes when one

intentionally restricts to Gaussian states, respectively ensembles, in the

optimization problems (1.3), respectively (2.15) for a Gaussian channel Φ,

which results in the quantities ȞGauss(Φ), respectively CGaussχ (Φ). One

then asks whether the additivity properties (1.4), respectively (2.18) hold

for these Gaussian quantities. Surprisingly, even this substantially simpli-

fied problem has so far only partial solution: the additivity was proved only

for some special classes of quantum Gaussian channels [41, 18].

2. Quantum Channels

2.1. Additivity and entanglement

Let H be a finite-dimensional Hilbert space of dimensionality d and L(H)

be the algebra of all linear operators in H.
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Finite quantum system is described by the noncommutative algebra

L(H). The convex subset of L(H)

S(H) = {ρ : ρ∗ = ρ ≥ 0, Tr ρ = 1}
is called the quantum state space. Operators ρ from S(H) are called den-

sity operators or quantum states. The state space is a convex set with the

extreme boundary

P(H) = ext S(H) =
{
ρ : ρ ≥ 0, Tr ρ = 1, ρ2 = ρ

}
.

Thus extreme points of S(H), which are also called pure states, are one-

dimensional projectors, ρ = Pψ for a vector ψ ∈ H with unit norm, see, e.g.

[20].

Classical system can be described by the commutative subalgebra C(H),

consisting of all operators diagonal in a fixed orthonormal basis. Clas-

sical states are the density matrices ρ ∈ C(H), which have form ρ =

diag[π(x)]x=1,...,d with π = {π(x)} – a probability distribution.

We shall consider linear maps Φ which take operatorsA in d-dimensional

unitary space H to operators A′ = Φ[A] in d′-dimensional H′. The map

Φ : L(H) → L(H′) is called positive if A ≥ 0 implies Φ[A] ≥ 0.

The dual Φ∗ of the map Φ is uniquely defined by the relation

TrΦ[A]B = TrAΦ∗[B]; A,B ∈ L(H). (2.1)

A positive map Φ is called trace preserving if it takes quantum states

into quantum states (possibly in another space H′), and unital if Φ(I) = I ′,

where I, I ′ denote unit operator in the corresponding Hilbert space.

Especially important for us will be the class of completely positive (CP)

maps [46, 5]. The map Φ : L(H) → L(H′) is completely positive, if for

d = 1, 2, . . . the maps Φ ⊗ Idd are all positive, where Idd : Ld → Ld is the

identity map of the algebra Ld of all complex d×d-matrices. It follows that

tensor product of CP maps is again CP, since

Φ1 ⊗ Φ2 = (Idd′1 ⊗ Φ2) ◦ (Φ1 ⊗ Idd2).

There are positive maps that are not CP, a basic example provided by

matrix transposition A→ AT in a fixed basis.

A completely positive trace preserving map Φ is called channel ; the dual

channel Φ∗ is a completely positive unital map.

For a channel Φ consider the quantity Ȟ(Φ) defined in (1.3). Unlike the

classical case, there is no obvious reason for the additivity (1.4), because

there is no analog of (1.5). In fact

extS(H1 ⊗H2) % ext S(H1) × ext S(H2), (2.2)
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since apparently, there are continually many pure states Pψ in H1 ⊗ H2,

given by vectors ψ not representable as a tensor product ψ1 ⊗ ψ2 (namely,

all linear combinations of such vectors which do not reduce to products).

In quantum theory tensor product H1⊗H2 describes composite (bipartite)

system. Vectors that are not of the form ψ1⊗ψ2, as well as the corresponding

pure states, are called entangled. In an entangled pure state of a bipartite

quantum system, neither of the parts is in a pure state, in sharp contrast

to the classical systems.

Turning to the χ-capacity (1.1), the additivity problem can be formu-

lated in physical terms as: Can entanglement between input states increase

the classical capacity of quantum channel? The latter is defined as the max-

imal transmission rate per use of the channel, with coding and decoding

chosen for increasing number n of independent uses of the channel

Φ⊗n = Φ ⊗ · · · ⊗ Φ︸ ︷︷ ︸
n

such that the error probability goes to zero as n → ∞ (see [20]). A basic

result of quantum information theory says that such defined capacity C(Φ)

is related to Cχ(Φ) by the formula

C(Φ) = lim
n→∞

(1/n)Cχ(Φ
⊗n) = sup

n
(1/n)Cχ(Φ⊗n).

Since Cχ(Φ) is easily seen to be superadditive (i.e., Cχ(Φ1 ⊗ Φ2) ≥
Cχ(Φ1)+Cχ(Φ2) ), one has C(Φ) ≥ Cχ(Φ). If the additivity (1.2) holds for

given channel Φ1 = Φ and arbitrary channel Φ2, then

Cχ(Φ⊗n) = nCχ(Φ), (2.3)

implying

C(Φ) = Cχ(Φ). (2.4)

Such a relation is very much welcome mathematically giving a relatively

easily computable “single-letter” expression for the classical capacity of the

quantum channel Φ. One might ask if formally weaker additivity property

(2.3) holds globally, i.e. for all channels. However, a result in [9] shows

that this would imply the additivity for all pairs of different channels (1.2).

Since this is not the case, the asymptotic equality (2.4) cannot hold for all

channels.
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2.2. Different forms of the additivity property

From the definition of χ-capacity it follows that

Cχ(Φ) ≤ max
ρ∈S(H)

H (Φ (ρ)) − min
ρ∈S(H)

H (Φ (ρ)) . (2.5)

To find out the intrinsic connection between the output entropyH(Φ(ρ))

and the χ-capacity, let us rewrite the expression (1.1) in the form

Cχ(Φ) = max
ρ∈S(H)

[H(Φ(ρ)) − ĤΦ(ρ)], (2.6)

where

ĤΦ (ρ) = min
π:

∑

x π(x)ρ(x)=ρ

∑

x

π(x)H(Φ(ρ(x)))

is the convex closure [34] of the output entropy H(Φ(ρ)). The minimum

here is taken over arbitrary finite probability distributions on S(H). The

conjectured superadditivity property is: for arbitrary state ρ12 ∈ S(H1 ⊗
H2) and arbitrary channels Φ1,Φ2

ĤΦ1⊗Φ2(ρ12)
?
≥ ĤΦ1(ρ1) + ĤΦ2(ρ2), (2.7)

where ρ1, ρ2 are the partial traces of ρ12 in H1, H2 (for the notion of partial

trace see the next section). The function ĤΦ(ρ) is a natural generalization

of another important quantity in quantum information theory — entangle-

ment of formation EF . In fact

ĤΦ (ρ) = EF (V ρV ∗), (2.8)

where V is the Stinespring isometry for the channel Φ [38] and reduces to

it when the channel Φ is simply a partial trace.

Proposition 1. For given channels Φ1, Φ2 the superadditivity property

(2.7) implies both additivity properties (1.2) and (1.4).

Proof. Indeed, let ρ0
12 be a minimizer for H(Φ1 ⊗ Φ2)(ρ12), then

Ȟ(Φ1 ⊗ Φ2) = H((Φ1 ⊗ Φ2)(ρ
0
12)) ≥ ĤΦ1⊗Φ2(ρ

0
12)

≥ ĤΦ1(ρ
0
1) + ĤΦ2(ρ

0
2) ≥ Ȟ(Φ1) + Ȟ(Φ2),

whence (1.4) follows. On the other hand, (2.7) and subadditivity of quantum

entropy

H(σ12) ≤ H(σ1) +H(σ2),
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imply

H((Φ1 ⊗ Φ2)(ρ12)) − ĤΦ1⊗Φ2(ρ12)

≤ H((Φ1 ⊗ Φ2)(ρ12)) − ĤΦ1(ρ1) − ĤΦ2(ρ2)

≤
[
H(Φ1(ρ1)) − ĤΦ1(ρ1)

]
+

[
H(Φ2(ρ2)) − ĤΦ2(ρ2)

]
.

By using (2.6), we get

Cχ(Φ1 ⊗ Φ2) ≤ Cχ(Φ1) + Cχ(Φ2),

i.e. (1.2).

In [24] several individually equivalent formulations of the additivity

property for channels with constrained inputs, which formally is substan-

tially stronger than additivity of the unconstrained Cχ, were given. It was

shown that the additivity for channels with constrained inputs holds true

for certain nontrivial classes of channels, e.g. a direct sum mixture of the

identity channel and entanglement breaking or diagonal channel.

Quite remarkably, however, all the additivity properties turn out to be

the same globally. By combining the correspondence (2.8) and the convex

duality technique of [2] with a powerful channel extension technique, which

allows to use effectively arbitrariness of channels in question, Shor [45] had

shown equivalence of the global properties of additivity of the minimal

output entropy, Cχ, EF and of superadditivity of EF .

Theorem 1 ([45]). The conjectures (1.2), (1.4) and (2.7) are globally

equivalent in the sense that if one of them holds true for all channels Φ1,

Φ2, then any other is also true for all channels.

The channel extension technique was used in [24] to show that additivity

for two fixed constrained channels can be reduced to the same problem for

some unconstrained channels, and hence, the global additivity for chan-

nels with arbitrary input constraints is equivalent to the global additivity

without constraints.

These global equivalences also guarantee existence of channels breaking

all other forms of the additivity conjecture, if only one of them, say, the

minimal output entropy is shown to be nonadditive globally. However, the

applicability of individual statements like Proposition 1 remains unaffected.

2.3. Nonadditivity of quantum entropy quantities

The quantum Rényi entropy of order p ≥ 0, p 6= 1 of a density operator ρ

is defined as

Rp(ρ) =
1

1 − p
log Tr ρp, (2.9)
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and in the limit p→ 1 the quantum Rényi entropies uniformly converge to

the von Neumann entropy of a density operator ρ

lim
p→1

Rp(ρ) = −Trρ log ρ ≡ H(ρ).

Defining the minimal output Rényi entropy of the channel Φ

Řp(Φ) = min
ρ∈S(H)

Rp(Φ(ρ)) ,

one has the additivity conjecture similar to (1.4)

Řp (Φ1 ⊗ Φ2)
?
= Řp (Φ1) + Řp (Φ2) . (2.10)

Again, the inequality ≤ is obvious here. Note, that validity of (2.10) for some

specific channels Φ1, Φ2 and p close to 1 implies (1.4) for these Φ1, Φ2.

There are several important classes of channels for which the property

(2.10) can be proved for all p, including all entanglement-breaking chan-

nels (Shor [44], King [28]), all unital qubit channels (King [29]) and the

depolarizing channel (King [30]) as well as for complementary channels

(Holevo [22], King et al. [31]). A significant role in the proofs is played by

the Lieb-Thirring inequality [33]

Tr(AB)p ≤ TrApBp, (2.11)

for A, B ∈ L(H), A, B ≥ 0, and p ≥ 1.

However, there is an explicit example of transpose-depolarizing channel

[48]), where the additivity breaks for d = dimH ≥ 3 and large enough p:

Φ(ρ) =
1

d− 1

[
I − ρT

]
.

In particular, (2.10) with Φ1 = Φ2 = Φ fails to hold for p ≥ 4, 7823 if d = 3.

Nevertheless, the additivity of Ȟ(Φ) and of Cχ(Φ) holds for this channel,

as shown in [37, 7, 1].

A breakthrough in the negative solution of the conjecture (2.10) came in

2007. It was shown that in very high dimensions there always exist channels

for which (2.10) does not hold for any p > 2 ([49]) and for any 1 < p < 2

([14]). Specifically, in [49] it was shown that the additivity of the Rényi

entropy with p > 2 for the couple of channels Φ, Φ̄ (complex conjugate in

a fixed basis) breaks with probability tending to 1 with d → ∞ for the

uniform mixture of unitary evolutions

Φ(ρ) =
1

n

n∑

j=1

UjρU
∗
j , (2.12)
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where Uj ; j = 1, . . . , n is a sequence of random independent unitary

operators distributed according to the normalized Haar measure, and

n = 134
ε2 d log d. A simple but efficient upper bound for Řp(Φ ⊗ Φ̄) is

Řp(Φ ⊗ Φ̄) ≤ Rp
(
(Φ ⊗ Φ̄)(|Ψ〉〈Ψ|)

)
≤ p

p− 1
logn, (2.13)

where |Ψ〉 is the maximally entangled vector in the same basis, and in

the second inequality one uses the special property
(
U ⊗ Ū

)
|Ψ〉 = |Ψ〉 for

arbitrary unitary U.

More difficult is the probabilistic lower bound

lim
d→∞

P

{
Řp(Φ) ≥ log

d

ε

}
= 1

for random Φ of the form (2.12). A key ingredient is a large deviation

estimate for sums of random operators inspired by the classical Bernstein-

Chernoff-Hoeffding inequality [15], which show that (2.12) becomes close

to completely depolarizing channel in the sense of operator norm
∥∥∥∥Φ(ρ) − I

d

∥∥∥∥
∞

≤ ε

d
,

while preserving entanglement to the degree given by (2.13).

Hayden [14] used a general open system representation of the channel

Φ with the the random evolution operator distributed uniformly over the

group of unitaries. Then the upper bound

Řp(Φ ⊗ Φ̄) ≤ Rp
(
(Φ ⊗ Φ̄)(|Ψ〉 〈Ψ|)

)
≤ p log d+O(1)

sufficient if 1 < p < 2,a can be obtained similarly to (2.13), while the

probabilistic estimate

lim
d→∞

P
{
Řp (Φ) ≥ log d− 2

}
= 1

is based on another large deviation phenomenon — the measure concen-

tration which is used to establish concentration of the output entropy [16].

This is closely related to the early important observations going back to

Lubkin [36] that given a random uniformly distributed pure state vector

|ψAB〉 of a composite system AB, the entropy of the partial state ρB of the

smaller system tends to its maximal value log dB as log dA → ∞, and hence

ρB becomes almost chaotic.

aThe whole range 1 < p can be also covered by this construction as shown later by
Winter. Subsequently, there were also negative results for p = 0 and p ≈ 0 [6]. For the
later improvements see the merged article by Hayden and Winter [17].
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Hastings [12] explored this phenomenon at full strength along with exact

probability distribution of the spectrum of ρB found in [35, 51]. He general-

ized Winter’s construction by considering non-uniform mixtures of unitary

evolutions with random weights distributed in such a way that the output of

the channel Φ is distributed precisely as ρA from the uniformly distributed

|ψAB〉 , while the output of the complementary channel Φ̃ – as ρB . He uses

the estimate

Ȟ(Φ̃ ⊗ ¯̃
Φ) ≤ H

(
(Φ̃ ⊗ ¯̃

Φ)(|Ψ〉 〈Ψ|)
)
≤ 2 logn− logn

n

again similar to (2.13), while the most difficult part

lim
d→∞

P

{
Ȟ(Φ̃) > logn− logn

2n

}
> 0

for n, d/n large enough is obtained by comparing the consequences of the

aforementioned distribution of the spectrum of ρB and an original prob-

ability estimate of the minimal output entropy (Lemma 4 of [12]), avoid-

ing straightforward use of ε-nets and the “union bound”, which does not

attain the goal in the case p = 1. Hastings gave only a sketch, and the

detailed proof following Hastings’ approach was given by Fukuda, King

and Moser [8].

Although, combined with theorem 1 this gives a definite answer to the

additivity conjecture, several important issues remain open. All the proofs

above use the technique of random unitary operators or random states and

as such are not constructive: they provide only evidence for existence of

counterexamples but do not allow to actually produce them. Attempts to

give estimates for the dimensions in which nonadditivity can happen so far

has led to overwhelmingly high values: the detailed estimates made in [8]

gave n ≈ 3.9×104, d ≈ 7.8×1032 breaking the additivity by the quantity of

the order 10−5. While this does not exclude possibility of better estimates,

based perhaps on a different (but yet unknown) approach, it casts doubt to

finding concrete counterexamples by computer simulation of random uni-

tary channels. It remains a mystery what happens in realistic dimensions:

perhaps the additivity still holds generically for some unknown reason, or

its violation is so tiny that it cannot be catched by numerical simulations.b

bThat such a possibility is not excluded in quantum information problems is well illus-
trated by Shor’s counterexample to Levitin’s conjecture concerning maximizers for acces-
sible information [43].
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From the physical side, that would mean that, strangely, entangled encod-

ings are rather useless “practically”, in contrast to entangled decodings

which show the superadditivity starting from d = 2 [20].

In any case, this work is fundamental from the mathematical side, finally

closing attempts of a general proof and stressing the importance of conti-

nuing efforts to find further particular cases where the additivity holds for

this or another reason.

2.4. Infinite-dimensional channels

The additivity problem is still open for the minimal dimension 2: it is not

known if the additivity holds for all nonunital qubit channels, although

a strong numerical evidence in favor of this was given in [39, 13]. Never-

theless there are several good reasons to consider the problem in infinite

dimensions. There is a good chance that additivity holds for important

and interesting class of Gaussian channels that act in infinite dimensional

Hilbert space, see e.g. [11, 10].

Shor’s channel extension used in the proof of equivalence of different

forms of the global additivity conjecture for finite dimensional channels is

related to weird discontinuity of the χ-capacity as a function of channel

in infinite dimensions. This also calls for a mathematically rigorous treat-

ment of the entropic quantities related to the classical capacity of infinite

dimensional channels [25].

In infinite dimensions, analysis of continuity properties of the entropic

characteristics of an infinite-dimensional channel becomes important since,

as it is well known, the entropy may have rather pathological behavior. It is

lower semicontinuous and “almost everywhere” infinite [47]. Another issue

is the study of conditions for compactness of subsets of quantum states and

ensembles, giving a key for attainability of extrema in expressions for the

capacity and the convex closure of the output entropy. Such a study was

undertaken in series of works [21, 25, 42].

There are two important features essential for channels in infinite dimen-

sions. One is the necessity of the input constraints (such as mean energy con-

straint for Gaussian channels) to prevent from infinite capacities (although

considering input constraints was shown quite useful also in the study of

the additivity conjecture for channels in finite dimensions [24]). Another

is the natural appearance of infinite, and, in general, “continuous” state

ensembles understood as probability measures on the set of all quantum

states. By using compactness criteria from probability theory and operator
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theory one can show that the set of all such generalized ensembles with

the barycenter in a compact set of states is itself weakly compact. With

this at hand a sufficient condition for existence of an optimal generalized

ensemble for a constrained quantum channel can be given. This condition

can be efficiently verified in the case of Bosonic Gaussian channels with

constrained mean energy [25].

The generalized ensemble is defined as a Borel probability measure π on

the state space S(H). The average state of the ensemble π is given by the

baricenter

ρ̄π =

∫

S(H)

ρπ(dρ).

Let F be positive self-adjoint operator usually representing energy, E —

a positive constant. Then the constrained χ-capacity of channel Φ is de-

fined as

Cχ(Φ, F, E) = sup
π:Tr ρ̄πF≤E


H(Φ(ρ̄π)) −

∫

S(H)

H(Φ(ρ))π(dρ)


 (2.14)

= sup
ρ:Tr ρF≤E

[
H(Φ[ρ]) − ĤΦ(ρ)

]
, (2.15)

where

ĤΦ(ρ) = inf
π:ρ̄π=ρ

∫

S(H)

H(Φ(σ))π(dσ). (2.16)

Similarly to (1.1), there is a relation to the constrained classical capacity

C(Φ, F, E) = lim
n→∞

1

n
Cχ(Φ⊗n, F (n), nE). (2.17)

If the additivity property

Cχ(Φ⊗n, F (n), nE) = nCχ(Φ, F, E), (2.18)

holds for the channel Φ, then

C(Φ, F, E) = Cχ(Φ, F, E).

This is closely related to superadditivity of the convex closure of the output

entropy (2.7), which in particular implies additivity of the χ-capacity with

linear constraints [24].
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3. Gaussian Systems

3.1. Canonical commutation relations, symplectic space

and complex structures

In quantum mechanics the canonical commutation relations (CCR) arise in

quantization either of a mechanical system with finite degrees of freedom

or of a classical field by representing it as an infinite collection of oscillators

and hence as a mechanical system with infinite number degrees of freedom.

However, in quantum optics one usually deals only with a finite number

of relevant oscillator frequencies, thus again reducing to mechanical system

with a finite number s of degrees of freedom. We give below a very brief

account of the CCR and Bosonic Gaussian systems based on them, see e.g.

[19, 26, 4] for further detail.

Such a system is formally described by canonical observables qj , pj ; j =

1, . . . , s, which are operators in underlying Hilbert space satisfying the

Heisenberg CCR

[qj , pk] = iδjkI, [qj , qk] = 0, [pj , pk] = 0 (3.1)

Let us introduce the column vector of operators

R = [q1, p1, . . . , qs, ps]
>,

and the real column 2s-vector z = [x1, y1, . . . , xs, ys]
> so that

R>z =

s∑

j=1

(xjqj + yjpj).

Mathematically it is convenient to approach to the CCR via the unitary

operators

W (z) = exp i R>z (3.2)

satisfying the Weyl-Segal CCR

W (z)W (z′) = exp

[
i

2
∆(z, z′)

]
W (z + z′), (3.3)

where

∆(z, z′) =

s∑

j=1

(x′jyj − xjy
′
j) = z>∆z′ (3.4)
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is the canonical symplectic form, where ∆ = [∆jk ] is the (2s) × (2s)-skew-

symmetric commutation matrix of components of the vector R,

∆ =




0 −1

1 0

. . .

0 −1

1 0



≡ diag

[
0 −1

1 0

]
. (3.5)

The space Z of real 2s-vectors equipped with a nondegenerate skew-

symmetric form ∆(z, z′) is what one calls a symplectic space. It represents

the phase space of the classical system, the quantum version of which is

described by CCR.

Lemma 1. Let α (z, z′) = z>αz′ be an inner product in the symplectic

space (Z,∆). Then there is a basis {ej , hj ; j = 1, . . . , s} in Z in which the

forms ∆, α have the matrices

∆̃ = diag

[
0 −1

1 0

]
; α̃ = diag

[
αj 0

0 αj

]
, (3.6)

with αj > 0.

Indeed, consider the matrix α̂ = ∆−1α which is the matrix of the oper-

ator (denoted by the same symbol) satisfying

α(z, z′) = ∆(z, α̂z′).

The operator α̂ is skew-symmetric in the Euclidean space (Z, α) : α̂∗ =

−α̂, hence there exists an orthogonal basis {ej , hj} in (Z, α) and positive

numbers {αj} such that

α̂ej = −αjhj ; α̂hj = αjej .

Choosing the normalization α(ej , ej) = α(hj , hj) = αj gives the basis with

the required properties.

Any basis in which the matrix of ∆ (z, z′) has the canonical form (3.5)

is called symplectic. Denoting by T the transition matrix from the ini-

tial basis in Z to the symplectic basis, i.e. the matrix with the columns

{ej , hj ; j = 1, . . . , s} we have

∆̃ = T>∆T ; α̃ = T>αT.

We can also define the canonical variables q̃j = R>ej , p̃j = R>hj ; j =

1, . . . , s, so that T>R = R̃, where R̃ = [q̃1, p̃1, . . . , q̃s, p̃s]
>.
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Operator J in Z is called operator of complex structure if

J2 = −E, (3.7)

where E is the identity operator in Z, and

∆(z, Jz) ≥ 0; z ∈ Z. (3.8)

or in the matrix notations

−∆J = J>∆ ≥ 0. (3.9)

For any inner product α on Z defined by the corresponding positive-

definite matrix, there is an operator of complex structure J commuting

with the operator α̂ = ∆−1α:

[J,∆−1α] = 0, (3.10)

namely, the orthogonal operator J from the polar decomposition α̂ =

J |α̂| = |α̂|J of the skew-symmetric operator α̂. One has J = T J̃T−1 where

J̃ has the matrix

J̃ = −∆̃ = diag

[
0 1

−1 0

]
(3.11)

in the symplectic basis associated with the inner product α(z, z ′).

With every complex structure one can associate the cyclic one-

parameter group
{
eϕJ

}
of symplectic transformations which we call the

gauge group. The gauge group in Z induces the unitary group of the gauge

transformations in H according to the formula

W (eϕJz) = e−iϕGW (z)eiϕG, (3.12)

where G = 1
2R

>J∆−1R is selfadjoint positive operator in H. In terms of

generators, this reduces to

R>eϕJ = e−iϕGR>eiϕG. (3.13)

A selfadjoint operator F in H is called gauge invariant if

e−iϕGF eiϕG = F

for all real ϕ. Consider the quadratic operator F = R>εR, where ε is a

symmetric positive-definite (energy) matrix. By using (3.13) we find that

it is gauge invariant if eϕJε eϕJ
>

= ε, or, equivalently, Jε+ εJ> = 0, which

by (3.9) is the same as

[J, ε∆] = 0.
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For every energy matrix ε, there is an operator of complex structure satisfy-

ing this condition: it is the orthogonal operator from the polar decompo-

sition of ε∆. One has J = T J̃T−1 where J̃ has the matrix (3.11) in the

symplectic basis associated with the inner product ε(z, z ′) = ∆(z, ε∆z′) =

z>∆ε∆z′.

In quantum optics, where the field is reduced to a finite collection of

oscillator modes, there is a preferred complex structure arising from the

oscillator Hamiltonian which gives rise to creation-annihilation operators

and amounts then to usual multiplication by i.

3.2. Gaussian states and channels

Let W (z); z ∈ Z, be a representation of the CCR in H. The state ρ is called

Gaussian, if its quantum characteristic function

φ(z) = Tr ρW (z)

has the form

φ(z) = exp

(
im>z − 1

2
z>αz

)
, (3.14)

wherem is a column (2s)-vector and α is a real symmetric (2s)×(2s)-matrix

satisfying the matrix uncertainty relation

α− i

2
∆ ≥ 0. (3.15)

Let J be an operator of complex structure in Z and let
{
eiϕG

}
be the

corresponding gauge group in H. From (3.12) it follows that the Gaussian

density operator ρ is gauge invariant, e−iϕGρ eiϕG = ρ, ϕ ∈ R, if and only

if its characteristic function satisfies φ(eϕJz) = φ(z), which is equivalent to

m = 0 and J>α+αJ = 0. By using (3.9), the last condition can be written

as (3.10). As we have seen in Sec. 3.1, for arbitrary α there is at least one

operator of complex structure in Z satisfying this condition, namely the

orthogonal operator J from the polar decomposition of operator ∆−1α.

The condition (3.15) amounts to the fact that in the diagonal form (3.6)

αj ≥
1

2
, j = 1, . . . , s. (3.16)

When αj = 1
2 , the Gaussian state is pure and has the covariance matrix

1
2∆J corresponding to the form

1

2
j(z, z′) =

1

2
∆(z, Jz′). (3.17)
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Let ρ be the Gaussian state with zero mean and covariance matrix α,

and ρ0 is the pure Gaussian state with zero mean and covariance matrix
1
2∆J . They are both gauge invariant relative to the complex structure J .

Then the following decomposition holds

ρ =

∫
W (z)ρ0W (z)∗P (d2sz), (3.18)

where P is a J-invariant Gaussian probability measure on Z.

Indeed, the inequality (3.16) implies that the form

α(z, z′) − 1

2
j(z, z′) (3.19)

is nonnegative definite, hence the characteristic function of the state ρ admit

the decomposition

exp

[
−1

2
α(z, z)

]
= ϕ(z) exp

[
−1

2
j(z, z′)

]
, (3.20)

where

ϕ(z) = exp

[
−1

2

(
α(z, z)− 1

2
j(z, z′)

)]

is symplectic characteristic function of a Gaussian probability measure P :

ϕ(z) =

∫
exp(i∆(z′, z))P (d2sz′). (3.21)

The relation (3.18) then follows from (3.20), by comparing quantum char-

acteristic functions of both sides and taking into account (3.3).

In quantum optics with the preferred complex structure arising from the

oscillator Hamiltonian, the gauge-invariant pure state is the vacuum state

and the relation (3.18) gives Glauber’s P -representation e.g. of a tempera-

ture state ρ into coherent states W (z)ρ0W (z)∗ (see e.g. [27]).

Let ZA, ZB be two symplectic spaces and consider a channel Φ:

T(HA) → T(HB). The channel is called Gaussian if the dual channel

satisfies

Φ∗[WB(zB)] = WA(KBzB) exp

[
il(zB) − 1

2
µ(zB , zB)

]
. (3.22)

The parameters (K, l, µ) of a quantum Gaussian channel satisfy the condi-

tion (see [4])

µ ≥ i

2

[
∆B −K>∆AK

]
. (3.23)
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Any Gaussian channel has the covariance property

Φ[WA(z)ρ0WA(z)∗] = WB(K ′z)Φ[ρ0]WB(K ′z)∗ (3.24)

where K ′ is symplectic transpose.

Assume that in ZA, ZB operators of complex structure JA, JB are fixed,

and let GA, GB be the corresponding gauge operators in HA,HB acting

according (3.12). Channel Φ is called gauge covariant, if

Φ[eiϕGAρe−iϕGA ] = eiϕGBΦ[ρ]e−iϕGB (3.25)

for all input states ρ and real numbers ϕ. For the Gaussian channel with

parameters (K, l, µ) this reduces to

l = 0, KJB − JAK = 0, [∆−1
B µ, JB ] = 0.

Thus, a natural choice of the complex structure in ZB is given by any JB ,

commuting with the operator ∆−1
B µ. Existence of such a complex structure

is proved similarly to (3.10) with the difference that the matrix µ can be

degenerated.

In optimization problems with bounded mean energy a natural complex

structure in ZA is determined by the energy operator A = R>εR, namely,

JA is the operator of complex structure in ZA, commuting with the operator

ε∆A, so that

JAε+ εJ>
A = 0. (3.26)

In the case of usual Hamiltonian of the oscillator system the action of

JA reduces to multiplication by i in the complexification associated with

creation-annihilation operators.

3.3. The classical capacity

It is natural to consider the classical capacity of quantum Gaussian chan-

nel Φ under the additive input constraint corresponding to the quadratic

energy operator F = R>εR with positive-definite matrix ε. However find-

ing the classical capacity C(Φ, F, E) in general depends on the solution of

the additivity problem. A natural estimate for C(Φ, F, E) is given by the

quantity Cχ(Φ, F, E), defined by the relation (2.14), which coincides with

C(Φ, F, E) in case of additivity. In any case, it gives a lower bound for

C(Φ, F, E).

However even the computation of Cχ(Φ, F, E) for Gaussian channels

remains in general open problem. At least in [25] it was shown that an
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optimal ensemble always exists and Cχ(Φ, F, E) is given by the relation

(2.14) with sup replaced by max.

Consider the following hypothesis of Gaussian optimal ensembles:

For a Gaussian channel Φ with the quadratic input energy constraint the

maximum in the expression

Cχ(Φ, F, E) = max
π:Tr ρ̄πF≤E

χΦ(π), (3.27)

where

χΦ(π) = H(Φ(ρ̄π)) −
∫

S(H)

H(Φ(ρ))π(dρ), (3.28)

is attained by the Gaussian ensemble π, consisting of generalized coherent

states W (z)ρ0W (z)∗, where ρ0 is a pure Gaussian state, with Gaussian

probability distribution P (d2nz).

For such an ensemble the covariance property (3.24) implies

H(Φ[W (z)ρ0W (z)∗]) = H(Φ[ρ0]), and hence

χΦ(π) = H(Φ[ρ̄π]) −H(Φ[ρ0]), (3.29)

which leads us to the hypothesis of Gaussian minimizer for the out-

put entropy: For a Gaussian channel Φ the minimum of the output en-

tropy is attained on a (pure) Gaussian state ρ0.

Assume that the channel is gauge-covariant. Then from (2.15), where

the expression under the supremum is concave function of ρ by concavity

of the entropy and convexity of ĤΦ(ρ), it follows that the optimizing state

ρ can be chosen gauge-invariant since the averaged gauge-invariant state

ρ̄ =
1

2π

∫ 2π

0

eiϕGAρ e−iϕGAdϕ

gives at least the same value of the maximized concave function. Moreover,

consider the gauge transformations in HA and define their action on the

generalized ensembles by the formula

πϕ(U) = π({ρ : eiϕGAρ e−iϕGA ∈ U}), ϕ ∈ [0, 2π],

for Borel subsets U ∈ S(HA). Generalized ensemble is gauge invariant, if

πϕ ≡ π. By using concavity of the functional χΦ(π) and using averaging

of ensembles over ϕ one shows that maximum in (3.27) is attained on a

gauge-invariant ensemble. Again, it follows that the average state of such

optimal ensemble is gauge-invariant.

The following proposition relates the two hypotheses for gauge-covariant

channels.
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Proposition 2. Let Gaussian channel Φ be gauge-covariant with respect

to the complex structures JA, JB. Assume that the minimum of the output

entropy is attained on a GA-invariant Gaussian state ρ0. Then the hypothe-

sis of optimal Gaussian ensembles is valid, and the optimal ensemble π can

be chosen such that the output state ρ̄B = Φ[ρ̄π] is GB-invariant Gaussian

state.

Proof. Let π be an optimal ensemble. Denote ρ̄B = Φ[ρ̄π], then Tr ρ̄πF ≤
E and

Cχ(Φ, F, E) = χΦ(π) = H(ρ̄B) − ĤΦ(ρ̄π)

≤ H(ρ̄B) − Ȟ(Φ) = H(ρ̄B) −H(Φ[ρ0]), (3.30)

by the general inequality ĤΦ(ρ̄π) ≥ Ȟ(Φ) and the assumption H(Φ[ρ0]) =

Ȟ(Φ).

Consider GA-invariant state

ρ̄A =
1

2π

∫ 2π

0

eiϕGA ρ̄πe
−iϕGAdϕ,

then Tr ρ̄AF = Tr ρ̄πF. Let now ρ̃A be the Gaussian state with the same

first and second moments as ρ̄A, then again

Tr ρ̃AF = Tr ρ̄AF = Tr ρ̄πF. (3.31)

Moreover, ρ̃A is GA-invariant Gaussian state and ρ̃B = Φ[ρ̃A] is GB-

invariant Gaussian state with

H(ρ̃B) ≥ H(Φ[ρ̄A]) ≥ H(ρ̄B). (3.32)

Here the first inequality follows from the principle of maximal entropy while

the second — from concavity of the entropy. Since ρ0 is pure GA-invariant

Gaussian state, then one has the decomposition (3.18) for the state ρ = ρ̃A.

Denote by π̃ ensemble of generalized coherent states W (z)ρ0W (z)∗ with

Gaussian distribution P (d2sz). Then

ρ̃B = Φ[ρ̃A] =

∫
Φ[W (z)ρ0W (z)∗]P (d2sz)

=

∫
W (K ′z)Φ[ρ0]W (K ′z)∗P (d2sz)

by the covariance property (3.24), therefore

ĤΦ(ρ̃A) ≤ H(Φ[ρ0]) = Ȟ(Φ).
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By the relation (3.31), ensemble π̃ satisfies the energy constraint. Moreover

χΦ(π̃) = H(ρ̃B) − ĤΦ(ρ̃A) ≥ H(ρ̃B) −H(Φ[ρ0]). (3.33)

Bringing together the inequalities (3.30), (3.32), (3.33), we obtain

χΦ(π̃) ≥ χΦ(π) = Cχ(Φ, F, E), therefore π̃ is the optimal ensemble with

the required properties.
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Two non-directly interacting qubits with equal oscillation frequencies
can be entangled on a short time-scale by a purely dissipative mechanism,
that is, by the irreversible reduced dynamics that result from weakly
coupling them to a common suitably engineered environment. Depending
on the two-point time-correlation functions of the latter, the generated
entanglement may also persist asymptotically in time.

1. Introduction

Quantum systems can be considered isolated only if the coupling with the

environment which contains them can be neglected; if the coupling is weak

but not negligible, one may derive a reduced dynamics for the embedded

system alone by eliminating the degrees of freedom of the environment.

The resulting time-evolution is irreversible and, under certain assumptions

and via certain approximation techniques, may turn out to be even Marko-

vian [1–4]. These systems are known as open quantum systems and evolve

according to a so-called quantum dynamical semigroup that incorporates

the dissipative and noisy effects due to the environment. Usually, the lat-

ter acts as a source of decoherence: in general, the corresponding reduced

dynamics irreversibly transforms pure states (one-dimensional projections)

into mixtures of pure states (density matrices).

One of the most intriguing aspects of quantum coherence is entangle-

ment, that is the existence of purely quantum mechanical correlations,

which has become a central topic in quantum information for its many

133



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 06-benatti

134 F. Benatti

applications as a physical resource enabling otherwise impossible informa-

tion processing protocols [5, 6]. The entanglement content of a state of two

qubits embedded in a same heat bath is generally expected to be spoiled

by decoherence effects; it turns out that this is not the only possibility:

if suitably engineered, the reduced dynamics due to the environment can

entangle an initial separable state of two dynamically independent systems.

Indeed, although not directly interacting between themselves, there can be

an environment mediated generation of quantum correlations between two

systems immersed in it.

This possibility has been demonstrated analytically for two qubits with

a same oscillation frequency [7] and two identical harmonic oscillators [8]

evolving according to a reduced master equation of the typical Lindblad

form [9, 10], obtained via the so-called weak-coupling limit, while for har-

monic oscillators in a heat bath of other oscillators it has been derived

numerically from the exact time-evolution [11].

2. Two Qubit Master Equation

The problem we will address in the following regards whether an initial sep-

arable pure state |ψ〉 ⊗ |φ〉 of two non-interacting qubits with Hamiltonian

HS =
ω

2
(σ

(1)
3 + σ

(2)
3 ) (2.1)

can become entangled when weakly coupled to an environment B, typically,

an infinite heat bath in a thermal equilibrium state ρβ, via an interaction

of the form

HI =

2∑

a=1

3∑

i=1

σ
(a)
i ⊗X

(a)
i , (2.2)

where σ
(1,2)
1,2,3 are the Pauli matrices for the two qubits and X

(a)
i are Hermi-

tian bath operators with zero mean, Tr(ρβ X
(a)
i ) = 0.a The total Hamilto-

nian is thus of the form HT = HS + HB + λHI , with λ a dimensionless

coupling constant and HB the Hamiltonian relative to the bath degrees of

freedom.

In general, the state of the compound system S + B at time t > 0 is a

correlated state ρSB(t) = exp (−itHT )ρSB exp (itHT ) from which the state

of the two qubits can be extracted as ρ(t) = TrB(ρSB(t)) by tracing out

aFor sake of simplicity, we shall keep, a finite-system notation, traces, density matrices,
despite the bath having infinitely many degrees of freedom.
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the environment degrees of freedom. The time-evolution equation for ρ(t)

is complicated, plagued by non-linear and memory effects that make im-

possible to disentangle a meaningful dynamics for S alone out of the global

one for S +B. However, if the coupling between S and its environment B

is sufficiently weak, λ � 1, one may follow a number of approaches aim-

ing at the derivation of a memoryless, that is Markovian, master equation

[1, 2, 4, 9]. One of these is the so-called weak-coupling limit; it consists of a

number of approximations: 1) one starts with an initial state ρSB = ρ⊗ρβ ;

2) considers the term of order λ2 in the Dyson-series expansion of the time-

evolution in the interaction representation; 3) goes to the slow time-scale

τ = tλ2, typical of the dissipative effects; 4) assumes that on this time-

scale the bath time-correlations decay sufficiently rapidly that system and

bath are practically disentangled, ρSB(τ/λ2) ' ρ(τ/λ2) ⊗ ρβ and, finally,

5) performs an ergodic (time) average that eliminates all off-resonant oscil-

lations (rotating-wave approximation). This procedure yields the following

Kossakowski-Lindblad master equation:

∂tρ(t) = −i
[
HS + λ2H12 , ρ(t)

]
+ λ2D[ρ(t)] =: L[ρ(t)] . (2.3)

The environment contributes to the generator of the reduced dynamics

with an Hamiltonian H12 and a purely dissipative term D[ρ(t)]; both of

them depend on the environment through the two-point time-correlation

functions

G
(ab)
ij (t) = Tr

(
ρβX

(a)
i eitHB X

(b)
j e−itHB

)
. (2.4)

The bath-induced Hamiltonian H12 consists of three terms; two of them

provide a Lamb-shift of the single qubit Hamiltonians, while the third one

represents a bath-mediated spin-spin interaction:

H int
12 =

3∑

i,j=1

h
(12)
ij σ

(1)
i σ

(2)
j , (2.5)

where the 3×3 matrix h(12) = [h
(12)
ij ] is real, but not necessarily Hermitian,

with entries constructed with the Hilbert transforms of the bath two-point

correlation functions. Instead, the purely dissipative part reads

D[ρ(t)] =
∑

a,b=1,2
i,j=1,2,3

C
(ab)
ij

(
σ

(a)
i ρ(t)σ

(b)
j − 1

2

{
σ

(b)
j σ

(a)
i , ρ(t)

})
, (2.6)

where the 3 × 3 matrices C(ab) = [C
(ab)
ij ] have entries constructed with the

Fourier transforms of the two-point correlation functions.
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Remark 2.1. The 9× 9 Kossakowski matrix C =

(
C(11) C(12)

C(21) C(22)

)
turns out

to be positive definite; this fact guarantees that the master equation (2.3)

generates a semigroup of dynamical maps on the two-qubit density matri-

ces, γt = exp (tL), ρ 7→ ρ(t) = γt[ρ], for t ≥ 0, which are completely posi-

tive [1–3, 12]. Complete positivity is necessary to guarantee that the reduced

dynamics consistently describe a physical process. Indeed, one can always

think to couple the given two qubits (1, 2) system with other two qubits

(3, 4) (a so-called ancillary system) that are dynamically inert; namely, the

time-evolution of the composite system is of the form γt ⊗ id. If the maps

γt were not completely positive, then there would surely exist an entangled

state ρent of the composite system (1, 2) + (3, 4) such that γt ⊗ id[ρent] is

no longer positive and thus not a state [13].

Certainly, the bath-induced interaction (2.5) contributes to entangle

suitable initial separable two-qubit states; what is however interesting is

that the same may be true of the purely dissipative part of the generator,

D[ρ(t)]. This effect hinges upon the non-local character of the action cor-

responding to the off-diagonal blocks C(12) and C(21) of the Kossakowski

matrix and depends on the trade-off between the purely decohering local

action of the diagonal blocks.

3. Dissipative Entanglement Generation

We shall first concentrate on the environment induced entanglement of two

open qubits at small times and discuss sufficient conditions for an initial

separable state |ψ〉⊗ |φ〉 to become entangled. One knows [5, 6] that a two-

qubit state ρ is entangled if and only if under partial transposition T , of

the second qubit, say, id⊗ T [ρ] is no longer positive. In order to make this

happen, it is sufficient to consider the expansion of the evolving two-qubit

state up to first order in t,

ρ(t) ' |ψ〉〈ψ| ⊗ |φ〉〈φ| + t L[|ψ〉〈ψ| ⊗ |φ〉〈φ|] ,

and impose that

〈Ψ|id ⊗ T [L[|ψ〉〈ψ| ⊗ |φ〉〈φ|]]Ψ〉 < 0 , (3.1)

for at least one, pure entangled two-qubit state |Ψ〉 orthogonal to |ψ〉⊗ |φ〉.
In fact, in such a case the first-order expansion of the evolving ρ(t) acquires

a negative eigenvalue under partial transposition which means that ρ(t) is
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entangled for t sufficiently small. The state |Ψ〉 must be entangled, other-

wise, by duality, id⊗T [|Ψ〉〈Ψ|] would return a positive matrix and the first

order contribution in (3.1) could not become negative; also, the orthogonal-

ity request eliminates the zeroth order term. Using the orthonormal bases

{|ψ〉, |ψ⊥〉} and {|φ〉, |φ⊥〉}, one then inserts the expansion

|Ψ〉 = α|ψ〉 ⊗ |φ⊥〉 + β|ψ⊥〉 ⊗ |φ〉 + η|ψ⊥〉 ⊗ |φ⊥〉

into (3.1) and uses the (2.5) and (2.6). In this way, the following sufficient

condition has been derived in [14].

Proposition 3.1. A separable two-qubit state |ψ〉 ⊗ |φ〉 gets entangled at

small times under the dissipative time-evolution γt generated by (2.3) if

δ = 〈u|C(11) |u〉 〈v|(C(22))T |v〉 −
∣∣〈v|

(
<e(C(12))+ i h(12)

)
|u〉
∣∣2 < 0 , (3.2)

where C(ab) are the block components of the Kossakowski matrix C = [C
(ab)
ij ]

in (2.6), h(12) = [h
(12)
ij ] is the 3 × 3 matrix whose entries appear in (2.5),

while <e(X) = (X + X∗)/2 extracts the real part of a matrix X and

XT denotes its transposition, while X∗ its complex conjugate (with respect

to a fixed orthonormal basis). Moreover, given the two qubit vector states

|ψ〉, |φ〉 ∈ C
2 with orthogonal partners |ψ⊥〉 and |φ⊥〉, |u〉 and |v〉 are three-

dimensional vectors with components

ui = 〈ψ|σi|ψ⊥〉 , vi = 〈φ⊥|σi|φ〉 . (3.3)

Remark 3.2. The previous inequality can be read as a sufficient condition

for a purely Hamiltonian time-evolution to be able to generate entangle-

ment: just set the Kossakowski matrix C = 0. It amounts to the presence

of an interaction between the qubits of the form (2.5). When there is no

Hamiltonian interaction between the qubits, then condition (3.2) tells that

entanglement generation by dissipation is possible if the non-local effects are

stronger than the decohering ones. Finally, when both the Hamiltonian and

the dissipative contributions are present, then they may increase or dimin-

ish the entanglement generation capability of the environment depending

on the sign of =m
(
〈v|<e(C(12))|u〉〈v|h(12)|u〉∗

)
.

Furthermore, in [15] it has also been proved that, if δ > 0, no separable

states |ψ〉 ⊗ |φ〉 can get entangled by the environment at small times.

Example 3.3. Consider a purely dissipative time-evolution γt generated

by a master equation without Hamiltonian interaction and a Kossakowski
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matrix of the form C =
(

A A

A A

)
with A = [aij ] = A† ≥ 0 a 3 × 3 matrix:

∂tρ(t) =

2∑

a,b=1

3∑

i,j=1

aij

(
σ

(a)
i ρ(t)σ

(b)
j − 1

2

{
σ

(b)
j σ

(a)
i , ρ(t)

})
. (3.4)

Such a dissipative generator results from coupling two two-level atoms to

a relativistic Bose thermal field [7]. Let σ3| ↑, ↓〉 = ±| ↑, ↓〉; then, given an

initial separable two-qubit state of the form | ↓〉⊗| ↑〉, respectively | ↑〉⊗| ↓〉,
it turns out that |u〉 = |v〉 = (1, i, 0), respectively |u〉 = |v〉 = (1,−i, 0),

whence (3.2) reads

δ = 〈u|A|u〉 〈u|AT |u〉 −
∣∣∣〈u|A+AT

2
|u〉
∣∣∣
2

= −
∣∣∣〈u|A−AT

2
|u〉
∣∣∣
2

= − |=m(a12)|2 < 0 .

Therefore, the initial pure separable states | ↓〉⊗ | ↑〉 and | ↑〉⊗ | ↓〉 become

entangled at small times as soon as =m(a12) 6= 0.

On the other hand, to the state | ↑〉 ⊗ | ↑〉 there correspond |u〉 =

(1,−i, 0) ⊥ |v〉 = (1, i, 0), so that δ = 4(1+ b)2 > 0 and no entanglement at

small times can be dissipatively generated in such case (see Remark 3.2).

In order to check the fate at finite time of the entanglement dissipatively

generated at t→ 0+, it is necessary to integrate the master equation (2.3),

a task very rarely accomplishable. However, if in the previous example, we

choose A =

(
1 ib 0

−ib 1 0

0 0 1

)
with 0 < b < 1 to guarantee A ≥ 0 and thus

the complete positivity of the generated dynamical amps γt, and consider

a purely dissipative (namely, without Hamiltonian contributions) master

equation (2.3), then it can be explicitly solved (see the Appendix).

With a solution of (2.3) available, then the time-behavior of the entan-

glement in a two-qubit state ρ can be monitored by means of the concur-

rence [16]. Consider a two qubit pure state

|ψ〉 = α |00〉 + β |01〉 + γ |10〉 + δ |11〉

where σ3|0〉 = |0〉, σ3|1〉 = p|1〉, with |α|2 + |β|2 + |γ|2 + |δ|2 = 1. If it is

separable, the reduced density matrix ρ1 = Tr2(|ψ〉〈ψ|) obtained by partial

tracing over the Hilbert space of the second qubit,

ρ1 =

(
|α|2 + |β|2 αγ∗ + βδ∗

α∗γ + β∗δ |γ|2 + |δ|2
)
,



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 06-benatti

Dissipatively Induced Bipartite Entanglement 139

is a projection and vice versa. Therefore, the closer ρ1 is to a projection,

the less entangled is |ψ〉; this vicinity is usefully measured by the so-called

entaglement of formation [6], that is by the von Neumann entropy of ρ1

(or equivalenty of ρ2 since the reduced density matrices of a bipartite pure

state have the same non null eigenvalues):

S(ρ1) = −1− p

2
log

1 − p

2
− 1 + p

2
log

1 + p

2
(3.5)

p =
√

1 − C2 , 0 ≤ C = 2 |αδ − βγ| ≤ 1 . (3.6)

Given the two qubit vector state

|ψ̃〉 = σ2 ⊗ σ2|ψ∗〉 = −α∗ |11〉 + β∗ |10〉 + γ∗ |10〉 − δ∗ |00〉 ,

where |ψ∗〉 is the conjugate vector of |ψ〉 with respect to the basis |0〉, |1〉,
it is immediate to check that the 4 × 4 matrix

R = |ψ〉〈ψ|ψ̃〉〈ψ̃| . (3.7)

has C2 = 4 |αδ − βγ|2 as positive eigenvalue. The square root of the latter is

known as the concurrence of the pure state |ψ〉: when it is maximal, C = 1,

then p = 1 and S(ρ1) = log 2 is maximal, in which case |ψ〉 is maximally

entangled ; otherwise, when C = 0 is minimal, then p = 1, S(ρ1) = 0 and

|ψ〉 is separable.

In conclusion, for two qubit pure states, their entanglement is con-

sistently measured by the concurrence C of which the entanglement is a

monotonically increasing function. For two qubit density matrices ρ, the

entanglement of formation (3.5) is replaced by

E(ρ) = inf

{∑

i

λiS(ρi
1) : ρ =

∑

i

λi|ψi〉〈ψi|
}
, (3.8)

that is by the smallest convex combination of the entanglement of formation

S(ρi
1) = Tr2(|ψi〉〈ψi|) of the pure states |ψi〉〈ψi| in terms of which ρ can be

convexly expanded as
∑

i λi|ψi〉〈ψi|, λi ≥ 0,
∑

i λi = 1. Surprisingly, the

variational quantity (3.8) can be expressed as in (3.5) with the concurrence

C in (3.6) substituted by

C = max {0, λ1 − λ2 − λ3 − λ4} , (3.9)

where λ1 ≥ λ2 ≥ λ3 ≥ λ4 are the square roots of the (positive) eigenvalues

of the 4× 4 matrix

R = ρ σ
(1)
2 σ

(2)
2 ρ σ

(1)
2 σ

(2)
2 , (3.10)
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which generalizes the matrix R in (3.7) and similarly has non-negative

eigenvalues. In the following, we will deal with density matrices

ρ =




a 0 0 0

0 b c 0

0 c d 0

0 0 0 e


 , a, b, d, e ≥ 0 , a+ b+ d+ e = 1 , bd ≥ c2 ,

written with respect to the orthonormal basis | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉. In

such a case, the concurrence can readily be computed as

C(ρ) = max
{
0, 2(|c| −

√
ae)
}
. (3.11)

Example 3.4. Consider the purely dissipative reduced dynamics studied

in the Appendix. The initial separable pure states | ↑〉 ⊗ | ↓〉 and | ↓〉 ⊗ | ↑〉
correspond to initial conditions ρ33 = ρ44 = 1/2 and ρ34 = ρ43 = ±1/2

with respect to basis used to solve the time-evolution equation. They thus

evolve into density matrices (with the notations in the Appendix)

ρ(t) =




ρ11(t) 0 0 0

0
1+2ρ33(t)±e−4t

4
2ρ33(t)−1

4 0

0
2ρ33(t)−1

4
1+2ρ33(t)∓e−4t

4 0

0 0 0 ρ22(t)



.

In both cases, the concurrence (3.11) is given by

C(t, b) =

∣∣∣∣ρ33(t) −
1

2

∣∣∣∣− 2
√
ρ11(t)ρ22(t) ,

when C(t, b) > 0, otherwise C(ρ(t)) = 0 and the state is no more entan-

gled. In Fig. 1, C(t, b) is plotted as a function of t ≥ 0 for three values

of the parameter b: all three behaviors rapidly saturate showing that the

entanglement production stops; further, at a fixed time t, the larger the

parameter, the higher the curve.

In the case of the initial separable state | ↑↑〉, its only non-trivial entry

with respect to the orthonormal basis used in the Appendix is ρ11 = 1;

therefore it evolves into

ρ(t) =




ρ11(t) 0 0 0

0
ρ33(t)

2
ρ33(t)

2 0

0
ρ33(t)

2
ρ33(t)

2 0

0 0 0 ρ22(t)


 .
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0.5 1 1.5 2

0.1

0.2

0.3

0.4

0.5

Fig. 1. C(t, b) for | ↑↓〉, | ↓↑〉 and b = .3, b = .5, b = .9.

In this case, C(t, b) = ρ33(t)− 2
√
ρ11(t)ρ22(t) is never positive (see Fig. 2);

therefore, the environment is not able entangle it also at finite times and

not only for t→ 0+.

As an initial state, let us now consider ρ =
1

2
| ↑↓〉〈↑↓ | + 1

2
| ↓↑〉〈↓↑ |; it

is separable and mixes the first two cases of this example. The dissipative

time-evolution sends it into

ρ(t) =
1

2




ρ11(t) 0 0 0

0
1+ρ33(t)

2
ρ33(t)−1

2 0

0
ρ33(t)−1

2
1+ρ33(t)

2 0

0 0 0 ρ22(t)


 ,

where the entries are as for | ↑↓〉; Fig. 3 plots

C(t, b) =
1 − ρ33(t)

2
−
√
ρ11(t)ρ22(t)

and shows again generation of entanglement at finite times, its increase with

increasing values of the parameter b and its saturation when t increases.

0.5 1 1.5 2

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

Fig. 2. C(t, b) for | ↑↑〉 and b = .3, b = .5, b = .9.
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0.5 1 1.5 2

0.1

0.2

0.3

0.4

Fig. 3. C(t, b) for 1
2
| ↑↓〉〈↑↓ | + 1

2
| ↓↑〉〈↓↑ | and b = .3, b = .5, b = .9.

3.1. Persistence of Entanglement

The constant value taken up by the concurrence in Figs. 1 and 3 is easily

understood by computing the asymptotic state resulting from the explicit

time-evolution t 7→ ρ(t) given in the Appendix: a generic initial two-qubit

density matrix ρ goes asymptotically into

ρ∞ =
(1 − b)2

3 + b2
R |1〉〈1| + (1 + b)2

3 + b2
R |2〉〈2| + 1 − b2

3 + b2
R |3〉〈3| + ρ44 |4〉〈4|

=




(1−b)2R
3+b2 0 0 0

0
(1−b2)R
2(3+b2) + ρ44

2
(1−b2)R
2(3+b2) − ρ44

2 0

0
(1−b2)R
2(3+b2) − ρ44

2
(1−b2)R
2(3+b2) + ρ44

2 0

0 0 0
(1+b)2R

3+b2



, (3.12)

where R =
∑3

i=1 ρii and ρ44 take memory of the initial state (notice that

the ρij are the coefficients of the expansion of ρ with respect to the or-

thonormal basis used in the Appendix, while the matrix is in the standard

representation). Then, using that R = 1 − ρ44, the concurrence (3.11) of

the asymptotic state ρ∞ is given by

C∞ =
1

3 + b2
(|1 − b2 − 4ρ44| − 2(1 − b2)) , (3.13)

if C∞ > 0 otherwise C(ρ∞) = 0 and, though initially entangled, the state

becomes asymptotically separable.

Using (3.13), the asymptotic concurrences of the states studied in Ex-

ample 3.4 are readily computed to be

C∞ =
2b2

3 + b2
=





0.058252 if b = .3

0.153846 if b = .5

0.425197 if b = .9

.
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for the initial pure separable states | ↑↓〉, | ↓↑〉 and the mixed separable state
1
2 | ↑↓〉〈↑↓ |+ 1

2 | ↓↑〉〈↓↑ |, while for | ↑↑〉 it turns out that C∞ = − 1−b2

3+b2 ≤ 0.

This asymptotic behavior could have been deduced without solving the

master equation (2.3), rather by inspecting the zero eigenvalue subspace of

its generator: D[ρ] = 0. The available theory [17–19] is seldom constructive;

however, in the case of a purely dissipative generator as in (3.4), it can

constructively be applied [13, 20].

Notice that the maximally entangled Bell-state |4〉〈4| is left invariant

by the dissipative time-evolution γt considered in the previous examples.

This explains the mechanism of entanglement generation and its asymptotic

persistence with respect to the initial mixed state

1

2
| ↑↓〉〈↑↓ | + 1

2
| ↓↑〉〈↓↑ | =

1

2
|3〉〈3| + 1

2
|4〉〈4| .

When equally mixed, the maximally entangled Bell states |3〉 and |4〉 yield

a separable state. However, since the maximal entanglement of |3〉〈3| gets

rapidly depleted by γt as shown in Fig. 4, while γt[|4〉〈4|] = |4〉〈4|, it is

decoherence which makes entanglement emerge.

0.05 0.1 0.15 0.2

0.2

0.4

0.6

0.8

1

Fig. 4. C(t, b) for |3〉 = |↑↓〉+|↓↑〉
√

2
and b = .3, b = .5, b = .9.

Appendix

In order to solve the master equation (3.4), one first recasts the generator

in the form

D[ρ(t)] =

3∑

i,j=1

aij

(
Σi ρ(t) Σj − 1

2
{ΣjΣi , ρ(t)}

)
,
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where Σi = σ
(1)
i +σ

(2)
i ; and then, after diagonalizing A =

(
1 ib 0

−ib 1 0

0 0 1

)
, one

rewrites it as

D[ρ(t)] = 2(1 + b)

(
Σ− ρ(t) Σ+ − 1

2
{Σ+Σ− , ρ(t)}

)

+ 2(1 − b)

(
Σ+ ρ(t) Σ− − 1

2
{Σ−Σ+ , ρ(t)}

)

+ Σ3 ρ(t) Σ3 −
1

2
{Σ2

3 , ρ(t)} ,

where Σ± = σ
(1)
± + σ

(2)
± and σ± = (σ1 ± iσ±)/2.

Because of their behavior under the action of Σ± and Σ3, it proves

convenient to represent ρ(t) =
∑4

i,j=1 ρij(t)|i〉〈j|, with respect to the or-

thonormal basis

|1〉 = | ↑↑〉 , |2〉 = | ↑↑〉 , |3〉 =
| ↑↓〉 + | ↓↑〉√

2
, |4〉 =

| ↑↓〉 − | ↓↑〉√
2

.

Inserting the expansion of ρ(t) in the right and left hand sides of the master

equation, one obtains the following equations

ρ̇11 = −4(1 + b)ρ11 + 4(1 − b)ρ33 , ρ̇12 = −12ρ12

ρ̇13 = −2(4 + b)ρ13 + 4(1 − b)ρ32 , ρ̇14 = −2(2 + b)ρ14

ρ̇22 = −4(1− b)ρ22 + 4(1 + b)ρ33 , ρ̇23 = −2(4 − b)ρ23 + 4(1 + b)ρ31

ρ̇33 = 4(1 + b)ρ11 + 4(1− b)ρ22 − 8ρ33 , ρ̇24 = −2(2 − b)ρ24

ρ̇34 = −4ρ34 , ρ̇44 = 0 ,

plus the complex conjugated. Some of them are immediately integrated,

ρ12(t) = ρ12 e−12t , ρ14(t) = ρ14 e−2(2+b)t , ρ24(t) = ρ24 e−2(2−b)t

ρ34(t) = ρ34 e−4t , ρ44(t) = ρ44 .

Of the remaining ones, two of them couple the off-diagonal terms ρ13 and

ρ32 yielding

ρ13(t) = ρ13 F+(t) +
2(1 − b)ρ32 − bρ13√

4 − 3b2
F−(t)

ρ32(t) = ρ32 F+(t) +
2(1 + b)ρ13 + bρ32√

4 − 3b2
F−(t) ,
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while the other three couple the diagonal entries and obtain

ρ11(t) =
(1 − b)2

3 + b2
R

+
√

1 − b2
(1 + b)2ρ11 − 2(1 − b)ρ22 + (1 + b)2ρ33

(1 + b)(3 + b2)
E−(t)

+
2(1 + b)ρ11 − (1 − b)2(ρ22 + ρ33)

3 + b2
E+(t) ,

ρ22(t) =
(1 + b)2

3 + b2
R−

√
1 − b2

2(1 + b)ρ11 − (1 − b)2(ρ22 + ρ33)

(1 − b)(3 + b2)
E−(t)

− (1 + b)2ρ11 − 2(1 + b)ρ22 + (1 + b)2ρ33

3 + b2
E+(t) ,

ρ33(t) =
(1 − b2)

3 + b2
R

+
√

1 − b2
(1 + b)3ρ11 + (1 − b)3ρ22 − 2(1 − b2)ρ33

(3 + b2)(1 − b2)
E−(t)

+
2(1 + b2)ρ33 − (1 − b2)(ρ11 + ρ22)

3 + b2
E+(t) ,

where R = ρ11 + ρ22 + ρ33 = ρ11(t) + ρ2(t) + ρ33(t) is a constant of the

motion and

E±(t) =
e−4t(2−

√
1−b2) ± e−4t(2+

√
1−b2)

2
,

F±(t) =
e−2t(4−

√
4−3b2) ± e−2t(4+

√
4−3b2)

2

are quantities which decay asymptotically with t → +∞. The remaining

entries ρij(t) follow from complex conjugation.
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The lecture notes are devoted to some topics in scattering theory for
certain models inspired by quantum field theory. As a toy example, we
describe scattering theory for van Hove Hamiltonians, where all basic
objects can be computed exactly. We also sketch the formalism, basic
results and some open problems about the so-called Pauli-Fierz Hamilto-
nians — a class of models describing a small quantum system interacting
with a bosonic field, which have an interesting and nontrivial scattering
theory.

1. Introduction

The main aim of these lectures is to sketch the formalism and basic results

of the scattering theory for certain classes of models inspired by quantum

field theory (QFT). We hope that we will convince the readers that this

subject has both mathematical elegance and physical relevance.

In our lectures, we mostly consider models that are quite simple. In

particular, they always have localized, fast decaying interactions. We are not

going to consider relativistic, or even translation invariant models, whose

scattering theory is mathematically more dificult, and often problematic.

In Section 2 we describe the standard formalism of scattering theory

[24, 28, 32], whose starting point is a pair of operators H and H0 on a

single Hilbert space. Then, in Section 3 we consider scattering theory of

Schrödinger operators [28, 10], which, at least in the short range case, is an

application of the standard formalism.

Later on we will see that when one wants to study scattering in QFT

models, even very simple ones, the standard formalism has to be modified

147
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substantially. Therefore, strictly speaking, Sections 2 and 3 do not belong

to the main subject of our lectures. Nevertheless, we believe that it is in-

structive to start with a discussion of these topics, so that the reader can

compare them with scattering in QFT.

We use the term “quantum field theory” in a rather broad meaning.

Roughly speaking, for the purpose of these lectures, a quantum field theory

Hamiltonian is a self-adjoint operator whose definition is based on the for-

malism of second quantization, involving creation/annihilation operators

and Fock spaces. In Section 4 we briefly recall this formalism [5, 7].

In Section 5 we describe in formal terms general principles of scattering

in QFT with localized interactions [13, 20, 31]. We explain, in particular,

the meaning of renormalization, which in such models is finite and well

understood.

In Section 6 we describe scattering theory of a certain exactly solvable

class of Hamiltonians — van Hove Hamiltonians [8].

In Section 7 we discuss the so-called representations of the CCR [5, 7].

They arise naturally in the context of scattering theory for bosonic Hamil-

tonians and allow us to describe some difficult situations typical e.g. for the

infra-red problem.

Section 8 is devoted to the scattering theory for a class of Hamiltonians

describing a small system interacting with bosonic quantum fields. Follow-

ing our earlier works, we call them Pauli-Fierz Hamiltonians, although other

names can be found in the literature as well. We describe some rigorous

results about this subject, as well as some intriguing unsolved problems

[10–12, 14, 15].

In our lectures we do not discuss scattering theory for translation in-

variant QFT models. This subject is more difficult and its rigorous under-

standing is limited. Let us give a list of what we know rigorously about this

subject.

(1) Scattering theory for N -body Schrödinger Hamiltonians is well under-

stood, thanks to the work of Enss, Sigal, Soffer, Graf, the author and

others, see [9] and references therein. It can be interpreted as a rather

special example of a quantum field theory [6] for a class of Hamiltonians

preserving the number of particles.

(2) The Haag-Ruelle theory gives a satsfactory framework for scattering

theory in a relativistic quantum field theory satisfying the so-called

Haag-Kastler or Wightman axioms in the presence of an isolated shell

in the energy-momentum spectrum [23].
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(3) Formal perturbative scattering theory for (nonrelativistic) translation

invariant QFT models is described in [13, 31].

(4) Compton scattering at weak coupling and small energy has been studied

in an interesting paper of Fröhlich, Griesemer and Schlein [15].

2. Basic Abstract Scattering Theory

In this section we recall the standard formalism of scattering theory in an

abstract setting. This topic is well known, see e.g. [28, 24, 32]. Later on we

will use a different formalism, but we believe that it is instructive to start

with the standard approach.

2.1. Møller and scattering operators

Suppose that we are given two self-adjoint operators H0 and H = H0 + V .

The Møller (or wave) operators (if they exist) are defined as

S± := s- lim
t→±∞

eitHe−itH0 .

They satisfy S±H0 = HS± and are isometric.

The scattering operator is introduced as

S = S+∗S−.

It satisfies H0S = SH0. If RanS+ = RanS−, then it is unitary.

Let us note in parenthesis that in the old literature one can sometimes

find a scattering operator of a different kind

S̃ = S+S−∗, (2.1)

which satisfies S̃H = HS̃. Both scattering operators are closely related:

S̃ = S−S∗S−∗.

2.2. Measurement of observables

In this and the next subsections we try to describe how the scattering oper-

ator leads to measurable quantities. We will call them (abstract) scattering

cross-sections. Let us note that scattering cross-sections in the context of

Schrödinger operators or QED are discussed in essentially every textbook

on quantum mechanics or quantum field theory. In distinction to those

presentations, we will try to do it in an abstract setting, disregarding the

concrete form of a quantum system. I find it curious that the abstract
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formalism of scattering cross-sections is quite complicated and involves a

nontrivial condition, which we will call the predictiveness, see (2.6). Note

also, that one treats differently the initial time (when the state is prepared)

and the final time (when an observable is measured).

We will go back to scattering cross-sections in Subsection 3.2, where we

consider them in the context of Schrödinger operators,

Let us start with recalling some of the basic principles of quantum

mechanics. Let ρ be the density matrix representing a state prepared at

time t−. (Recall that a density matrix is a positive operator of trace 1).

Let A be a self-adjoint operator representing an observable measured at

time t+. We learn at basic courses of quantum mechanics that the average

outcome of the measurement, which we call the expectation of the measure-

ment, equals

Tr Ae−i(t+−t−)Hρei(t+−t−)H .

In realistic situations, it is often difficult to determine the initial state ρ.

Typically, the only thing that the experimenter uses to prepare the initial

state can be mathematically described by a certain commuting family of

self-adjoint operators, which we will call the control observable.

Suppose that the control observable has continuous spectrum (which

often happens in practice). Then there does not exist a density matrix,

which commutes with the control observable, In fact, this follows from the

fact that density matrices have pure point spectrum. Therefore, in such

a case it is impossible to prepare a state which has a sharp value of the

control observable.

Let us try to describe this situation with a more formal language. The

control observable will be represented by a ∗-homomorphism

C∞(X) 3 f 7→ γ(f) ∈ B(H), (2.2)

where X is a locally compact Hausdorff space and C∞(X) denotes the

commutative C∗-algebra of continuous functions on X vanishing at infinity.

(For example, we can think of X as R
d and γ(f) as f(D), where D denotes

the momentum.) We can assume that the ∗-homomorphism γ is injective.

If not, Kerγ = {f ∈ C∞(X) : f = 0 on Y } for some closed Y ⊂ X , and

we can replace in an obvious way C∞(X) with C∞(X\Y ).

It is convenient to extend the ∗-homomorphism γ to a normal ∗-
homomorphism, denoted by the same symbol

L∞(X) 3 f 7→ γ(f) ∈ B(H), (2.3)
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where L∞(X) denotes the commutative W ∗-algebra of bounded Borel func-

tions on X .

Let U be a Borel set in X and let 1U denote the characteristic function

of U . Let B be a self-adjoint operator. We define two real numbers

σ+(U, γ,B) := sup{Tr ρB : ρ is a density matrix, ρ = γ(1U )ργ(1U )},
σ−(U, γ,B) := inf{Tr ρB : ρ is a density matrix, ρ = γ(1U )ργ(1U )}.

Clearly, σ+(U, ρ,B), respectively σ−(U, ρ,B), is an increasing, respectively

decreasing function of the set U .

Let x ∈ X . We set

σ+(x, γ,B) := inf{σ+(U, γ,B) : x ∈ U open in X}, (2.4)

σ−(x, γ,B) := sup{σ−(U, γ,B) : x ∈ U open in X}. (2.5)

We will say that x is predictive for (γ,B) if

σ−(x, γ,B) = σ+(x, γ,B), (2.6)

and then we set σ(x, γ,B) equal to (2.6).

For instance, if x is closed in X (which, by the injectivity of γ implies

γ(1{x}) 6= 0), then x is predictive for (γ,B) iff the value of

(Ψ|BΨ) (2.7)

does not depend on a normalized vector Ψ ∈ Ran γ(1{x}), and then

σ(x, γ,B) equals (2.7).

Let us go back to the situation where the experiment is prepared at

time t−. and the observable A is measured at time t+. We assume that the

experimenter tries to prepare the initial state so that the initial value of the

observable given by γ equals x. We also assume that x ∈ X is predictive

for (γ, ei(t+−t−)HAe−i(t+−t−)H). Then the expectation of the measurement

is close to

σ
(
x, γ, ei(t+−t−)HAe−i(t+−t−)H

)
.

2.3. Physical meaning of the scattering operator

The physical importance of the scattering theory is based on the fact that

in practical situations it takes a long time to prepare states and to mea-

sure observables. Scattering theory provides a natural way to take this into

account.

Suppose that H0 is an operator, which is “easy to control” by the ex-

perimentalist. Let ρ be a density matrix and A a self-adjoint operator. We
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assume for the moment that the experimentalist is able to prepare the state

e−it−H0ρeit−H0 at time t−, and to measure the observable eit+H0Ae−it+H0

at time t+. Suppose also that the standard Møller operators exist, and

hence the scattering operator S is well defined. Then it is easy to see that,

for t− → −∞, t+ → ∞, the expectation of the measurement converges to

Tr ASρS∗. (2.8)

Thus, in principle, we can determine the full information about the operator

S, up to a phase factor, from experiments.

One can argue that the experiment described above is rather difficult to

perform for arbitrary A and ρ. Let us modify it to make it more realistic.

Assume that the observable A commutes with H0. Then

eit+H0Ae−it+H0 = A

does not depend on the time of measurement t+, and thus should be easy

to measure.

ρ is a trace class operator, hence there exists an orthonormal basis con-

sisting of its eigenvectors. If [H0, ρ] = 0, then H0 has pure point spectrum.

But in typical situations H0 has continuous spectrum. Therefore, there are

no density matrices commuting with H0. It is therefore natural to apply

the formalism described in the previous subsection.

First we need to choose a control observable. A possible choice would

be the free Hamiltonian H0, or in the language of the previous subsection,

the ∗-homomorphism

C∞(spH0) 3 f 7→ f(H0) ∈ B(H),

given by the functional calculus. Physically, it means the only observable

that we control when preparing the initial state is the energy.

In practice, the experimentalist, when preparing the initial state, con-

trols other observables as well (e.g. the momentum). Assume that they can

be described by a ∗-homomorphism γ defined on a C∗-algebra C∞(X), see

(2.2). It is natural to assume that f(H0) for f ∈ C∞(R) belongs to the range

of γ (which means that the free Hamiltonian is one of control observables).

Suppose that the experimentalist prepares the state at time t− with

the control observable γ arbitrarily close to x ∈ X . Then he performs the

measurement of the observable A at time t+. It follows from the definitions

(2.4) and (2.5) that the expectation of such a measurement lies inside or

very close to the interval
[
σ−

(
x, γ, ei(t+−t−)HAe−i(t+−t−)H

)
, σ+

(
x, γ, ei(t+−t−)HAe−i(t+−t−)H

)]
.
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Let us now take the limits t− → −∞, t+ → ∞. Assume that we are

allowed to change the order of relevant limits. Then, for any ε > 0, there

exists T such that, for t− ≤ −T , T ≤ t+, the expectation of the measure-

ment lies in

[σ− (x, γ, S∗AS) − ε, σ+ (x, γ, S∗AS) + ε] .

In particular, let us assume also that x is predictive for (γ, S∗AS). Then,

as t− → −∞ and t+ → ∞, the expectation of the experiment becomes

close to

σ(x, γ, S∗AS). (2.9)

(2.9) can be called the scattering cross-section at x ∈ X for the observ-

able A.

2.4. Problem with eigenvalues

As before, H and H0 is a pair of self-adjoint operators. It is easy to see that

if the standard Møller operators exist and H0Ψ = EΨ, then HΨ = EΨ.

Thus, on the subspace spanned by eigenvectors of H0, the Møller and scat-

tering operators are equal to the identity. Because of that, in practice the

standard formalism of scattering theory is usually applied to Hamiltonians

H0 without point spectrum.

In models inspired by QFT, typically, both H0 and H have ground

states, and these ground states are different. Thus, standard scattering

theory is not applicable. Instead, one can sometimes try other approaches.

2.5. Alternative kinds of Møller operators

There are various possible alternative kinds of Møller operators, which can

be used instead of standard ones. Let us describe two of them.

The strong Abelian Møller operators are defined as

S±
Ab := s- lim

ε↘0
ε

∫ ∞

0

e−εte±itHe∓itH0dt.

They satisfy S±
AbH0 = HS±

Ab, but do not have to be isometric. If the stan-

dard Møller operator exists, then so do the Abelian Møller operators, and

they coincide.

Another type of Møller operators that can be found in the literature are

adiabatic Møller operators. To define them we first introduce the dynamics
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with an adiabatically switched on interaction

Uε(0) = 1,
d

dt
Uε(t) = iUε(t)(H0 + e−ε|t|V ).

Then one sets

S±
ad := w- lim

ε↘0
lim

t→±∞
Uε(t)e

−itH0 .

One expects that under quite general assumptions S±
Ab coincides with S±

ad.

In such a case, we will denote them by S±
ur. (The subscript “ur” stands for

unrenormalized.)

Suppose that the vacuum amplitude operators Z± := S±∗
ur S

±
ur have

trivial kernels. Then we can define the renormalized Møller operators

S±
rn := S±

ur(Z
±)−1/2.

They also satisfy S±
rnH0 = HS±

rn and are isometric.

If RanS+
rn = RanS−

rn, then the renormalized scattering operator

Srn = S+∗
rn S

−
rn

is unitary and H0Srn = SrnH0.

2.6. Dyson series for Møller and scattering operators

Set V (t) = eitH0V e−itH0 . Expanding in formal power series we obtain

S+
Ab = lim

ε↘0

∞∑

n=0

∫

∞>tn>···>t1>0

ine−εtnV (tn) · · ·V (t1)dtn · · · dt1,

S+
ad = lim

ε↘0

∞∑

n=0

∫

∞>tn>···>t1>0

ine−ε(tn+···+t1)V (tn) · · ·V (t1)dtn · · · dt1.

For Sur := S+∗
ur S

−
ur, after performing the ε↘ 0 limit we get

Sur =

∞∑

n=0

∫

∞>tn>···>t1>−∞

inV (tn) · · ·V (t1)dtn · · · dt1.

After expanding each term in Feynman diagrams, this formal expansion is

the usual starting point for analysis of scattering amplitudes in quantum

field theory.
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2.7. Other formalisms of scattering theory

The formalism of scattering theory that we described in this section started

from a pair of operators H0 and H acting on the same Hilbert space. Note

that this formalism does not apply to all situations of physical interest,

including many QFT models.

Usually, the main aim of scattering theory is to describe a certain single

self-adjoint Hamiltonian H acting on a Hilbert space H. We will call H

and H the physical Hamiltonian and the physical Hilbert space respectively.

The “free Hamiltonian”, or better to say, the “asymptotic Hamiltonian”

is not a priori given. It is even not clear that it should act on the same

Hilbert space and that it should be the same for the past and future. In

fact, part of our job is to guess the asymptotic Hilbert spaces H± as as well

as the asymptotic Hamiltonians H± as together with a construction of the

Møller operators S± : H± as → H, which should be isometric (preferably

unitary), and intertwine the asymptotic and physical Hamiltonians, i.e.

HS± = S±H± as. I do not know a single formalism that gives a universal

recipe how to do this. For various situations one often needs to find it

separately. An example of such a formalism is given in Section 8 where we

describe scattering theory for Pauli-Fierz Hamiltonians.

Let us mention that a common way to define Møller operators is to

introduce appropriate identification operators J± : H± as → H such that

S± := s- lim
t→∞

eitHJ±e−itH± as

. (2.10)

Note that the usual scattering operator S = S+∗S− maps H− as into H+as.

The alternative scattering operator S̃ = S+S−∗, introduced in (2.1), acts

on the physical space H.

Let us mention some interesting set-ups of scattering theory, which we

will not discuss in these notes:

(1) Many-body Schrödinger operators, see e.g. [10].

(2) Local relativistic QFT, the Haag-Ruelle theory, see e.g. [23].

(3) Obstacle scattering for classical waves.

3. Scattering Theory for 2-Body Schrödinger Operators

In this section we describe basic elements of scattering theory for

Schrödinger operators [28, 10]. In the short-range case they follow the rules

of the standard formalism, outlined in the previous section. In the long-

range case a modification is needed.
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3.1. Short-range case

Consider the Hilbert space L2(Rd) and set

H0 = −1

2
∆, H = −1

2
∆ + V (x).

We say that the potential V (x) is short range if

|V (x)| ≤ C(1 + |x|)−1−µ , µ > 0. (3.1)

Under this assumption one can show that the standard Møller operators

S± := s-limt→±∞ eitHe−itH0 exist and their ranges equal the absolute con-

tinuous spectral subspace of the operator H , denoted Ran1c(H). The last

statement is called the asymptotic completeness.

We define as usual the scattering operator S and we introduce the T -

operator:

S = 1 + iT.

3.2. Physical meaning of scattering cross-sections

Let ξ be the momentum variable. Let ξ̂ = ξ|ξ|−1 denote the angular vari-

able. Recall that T commutes with H0. Therefore, the T -operator has the

distributional kernel in the momentum representation:

T (ξ+, ξ−) = δ(|ξ+| − |ξ−|)T (|ξ+|, ξ̂+, ξ̂−).

The scattering cross-section at the energy λ2/2, incoming angle ξ̂− and

outgoing angle ξ̂+ is defined as

σ(λ, ξ̂+, ξ̂−) := |T (λ, ξ̂+, ξ̂−)|2. (3.2)

It is commonly accepted that the scattering cross-sections are physically

the most relevant quantities that are contained in the scattering operator.

Let us try to explain their physical meaning, following the idea sketched in

Subsection 2.3.

The rough idea of the scattering cross-section is as follows. Suppose that

we prepare a state concentrated around the momentum ξ− and measure the

probability of finding the particle of momentum around ξ+. Assume that

the energies are the same: |ξ−|2/2 = |ξ+|2/2. Then the probability of the

measurement is proportional to σ(|ξ+|, ξ̂+, ξ̂−), at least if the scattering

amplitude is well behaved (sufficiently continuous).

Let us make it more precise. Let D = −i∇x denote the momentum

operator. Suppose that we want to measure the observable a(D) at time
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t+. At time t− prepare the state e−it−H0ρeit−H0 , where for simplicity we

assume that the density matrix factorizes in the energy and momenta:

ρ(ξ−, ξ
′
−) = ρen(|ξ−|, |ξ′−|)ρan(ξ̂−, ξ̂

′
−).

We also assume that a(D)ρ = 0 (so that we measure only scattered states).

By (2.8), the expectation of the measurement converges to
∫ ∫ ∫

T (|ξ+|, ξ̂+, ξ̂−)a(ξ+)T (|ξ+|, ξ̂+, ξ̂′−)

× ρen(|ξ+|, |ξ+|)ρan(ξ̂−, ξ̂
′
−)|ξ+|d−1dξ+dξ̂−dξ̂′−. (3.3)

Let us make some additional assumptions. Fix the incoming angle η− ∈
Sd−1. Let us assume that ξ̂− 7→ T (|ξ+|, ξ̂+, ξ̂−) is continuous at ξ̂− = η̂−,

uniformly for ξ+ ∈ supp a. Then it is easy to see that, for any ε > 0, there

exists δ > 0 such that if ρan(ξ̂−, ξ̂
′
−) is supported in the set

|ξ̂− − η̂−| ≤ δ , |ξ̂′− − η̂−| ≤ δ,

then the expectation value of the measurement (3.3) differs from
∫
a(ξ+)σ(|ξ+|, ξ̂+, η̂−)ρen(|ξ+|, |ξ+|)|ξ+|d−1dξ+

×
∫
ρan(ξ̂−, ξ̂

′
−)dξ̂−dξ̂′− . (3.4)

by at most ε.

Note that the operator T enters (3.4) only through the scattering cross-

section. Therefore, scattering cross-sections are sufficient to describe exper-

iments with a well collimated incident beam.

3.3. Long-range case

Suppose that the potential satisfies V = Vl + Vs where Vs is short-range

(satisfies (3.1)) and

|∂αxVl| ≤ Cα(1 + |x|)−|α|−µ , µ > 0 , |α| = 0, 1, . . . . (3.5)

We then say that the potential is long range.

It includes the physically relevant Coulomb potential V (x) = z|x|−1,

where z is the charge.

One can show that for such potentials standard Møller operators in

general do not exist. This is one of manifestations of the infra-red problem

in quantum physics. Nevertheless, it is possible to compute scattering cross-

sections for long range potentials.
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There are several methods to do this. The method presented in many

quantum mechanics textbooks goes as follows. First one approximates a

given long-range potential by a sequence of short-range potentials. E.g.

the Coulomb potential is approximated by the Yukawa potentials Vµ =

ze−µ|x||x|−1. For short-range potentials one can construct Møller and scat-

tering operators, and hence the scattering cross-sections

σµ(λ, ξ̂1, ξ̂2)

are well defined. Then one shows that there exists

lim
µ↘0

σµ(λ, ξ̂1, ξ̂2),

which is interpreted as the scattering cross-section for V .

There exist better approaches to the long-range scattering. Instead of

the standard Møller operators, one defines the so-called modified Møller

operators for long-range potentials, see e.g. [9]. One way to do it, which

works for µ > 1
2 in (3.5), is as follows. One introduces the function

S(t, ξ) =
tξ2

2
+

∫ t

0

Vl(sξ)ds.

Then one can show that there exists

S±
lr := s- lim

t→±∞
eitHe−iS(t,D). (3.6)

(3.6) are called modified Møller operators. They are isometric, intertwine

the free and full Hamiltonian, that is S±
lrH0 = HS±

lr . They also satisfy

asymptotic completeness, in other words Ran S±
lr = Ran 1c(H).

We introduce the modified scattering operator by setting Slr := S+∗
lr S−

lr

and the T -operator by Slr = 1 + iTlr. We can write the distributional ker-

nel as

Tlr(ξ+, ξ−) = δ(|ξ+| − |ξ−|)Tlr(|ξ+|, ξ̂+, ξ̂−).

Scattering cross-section are defined as

σ(λ, ξ̂+, ξ̂−) := |Tlr(λ, ξ̂+, ξ̂−)|2. (3.7)

3.4. Freedom of the choice of modified Møller operators

The main disadvantage of the formalism described above is the fact that in

general there is no canonical choice of S±
lr . Nevertheless, this arbitrariness
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is quite limited. If we have two modified Møller operators S±
lr,1 and S±

lr,2,

then there exists a phase function ψ± such that

S±
lr,1 = S±

lr,2e
iψ±(D),

where recall that D = −i∇x. This arbitrariness disappears in scattering

cross-sections, which are canonically defined.

There is, however, another construction, which is unique and canonical.

For long-range potentials, there exists self-adjoint operators D± such that,

for any g ∈ Cc(R
d),

g(D±) = s- lim
t→±∞

eitHg(D)e−itH1c(H).

Unlike modified Møller operators, asymptotic momenta are canonically de-

fined. Following [10], one can define canonically the whole class of modified

Møller operators as isometric operators S±
lr satisfying

g(D±) = S±
lr g(D)S±∗

lr .

4. Second Quantization

In this section we will fix our notation for operators on Fock spaces, which

will be the main language in the sequel.

4.1. Fock spaces

Let Z be a Hilbert space. Physically, it will have the meaning of a 1-particle

space. On ⊗nZ we have the obvious natural action of the permutation

group, denoted

Sn 3 σ 7→ Θ(σ) ∈ U(⊗nZ).

Let us introduce the orthogonal projections onto symmetric/antisymmetric

tensors:

Θn
s :=

1

n!

∑

σ∈Sn

Θ(σ),

Θn
a :=

1

n!

∑

σ∈Sn

sgnσΘ(σ).

Many concepts are paralel for the symmetric (bosonic) and antisymmetric

(fermionic) case. The former will be often denoted by the subscript “s”

and the latter by the subscript “a”. We will write “s/a” to denote “either

s or a”.
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The n-particle bosonic/fermionic space is defined as ⊗n
s/aZ := Θn

s/a⊗nZ .
The bosonic/fermionic Fock space is Γs/a(Z) := ⊕∞

n=0 ⊗ns/a Z . The vector

Ω = 1 ∈ ⊗0
s/aZ = C is called the vacuum.

4.2. Creation and annihilation operators

For f ∈ Z we define the creation operator

a∗(f)Ψ :=
√
n+ 1 Θn+1

s/a f ⊗ Ψ , Ψ ∈ ⊗ns/aZ ,

and the annihilation operator a(f) := (a∗(f))
∗
.

Note that traditionally, in most physics textbooks, one uses a somewhat

different notation for creation and annihilation operators. One identifies Z
with L2(Ξ) for some measure space (Ξ, dξ). If f equals a function Ξ 3 ξ 7→
f(ξ), then one writes

a∗(f) =

∫
f(ξ)a∗(ξ)dξ , a(f) =

∫
f(ξ)a(ξ)dξ. (4.1)

4.3. Field and Weyl operators

In the bosonic case, for f ∈ Z we introduce the field operators

φ(f) :=
1√
2
(a∗(f) + a(f)) ,

and the Weyl operators

W (f) := eiφ(f).

For later reference note that

(Ω|W (f)Ω) = e−‖f‖2/4.

4.4. Wick quantization

Let b ∈ B
(
⊗ns/a Z ,⊗ms/aZ

)
. We would like to define its Wick quantization.

To this end, it will be convenient to use the traditional notation, which

involves an identification of Z with L2(Ξ). This identification allows us (at

least formally) to represent the operator b by its integral kernel of b, which

is a function b(ξ1, . . . , ξm, ξ
′
n, . . . , ξ

′
1) symmetric/antisymmetric in its first

and last coordinates. The Wick quantization of the polynomial b will be

denoted by

B =

∫
b(ξ1, . . . , ξm, ξ

′
n, . . . , ξ

′
1)

a∗(ξ1) · · · a∗(ξm)a(ξ′n) · · ·a(ξ′1)dξ1 · · · ξndξ′m · · · dξ′1. (4.2)
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It is the operator whose only nonzero matrix elements are between k +m

and k+n particle vectors. For Φ ∈ ⊗k+m
s/a Z , Ψ ∈ ⊗k+ns/a Z , the corresponding

matrix element equals

(Φ|BΨ) =

√
(n+ k)!(m+ k)!

k!
(Φ|b⊗ 1⊗kZ Ψ).

Let us remark that the operator (4.2) does not depend on the the choice

of the identification of Z with L2(Ξ). Moreover, (4.2) is consistent with the

usual traditional notation, in particular with (4.1).

4.5. Second quantization of operators

For an operator q on Z we define the operator Γ(q) on Γs/a(Z) by

Γ(q)
∣∣∣
⊗n

s/a
Z

:= q ⊗ · · · ⊗ q
∣∣∣
⊗n

s/a
Z
.

Similarly, for an operator h we define the operator dΓ(h) by

dΓ(h)
∣∣∣
⊗n

s/a
Z

:=
(
h⊗ 1(n−1)⊗ + · · · + 1(n−1)⊗ ⊗ h

) ∣∣∣
⊗n

s/a
Z
.

In the traditional notation, if h is the multiplication operator by h(ξ), then

dΓ(h) =
∫
h(ξ)a∗ξaξdξ.

Note the identity Γ(eith) = eitdΓ(h).

5. Scattering for Hamiltonians of Quantum Field Theory

In this section we describe the basics of scattering theory of QFT Hamilto-

nians with localized interaction and without the “small system” (see Sec-

tion 8). Unfortunately, in many cases one has to work with formal power

series (see however [11]). Most of the general references on the subject are

quite old [13, 20, 31].

5.1. QFT Hamiltonians

Typical Hamiltonians of QFT have (at least formally) the form

Hλ := H0 + λV, (5.1)

where

H0 :=

∫
h(ξ)a∗(ξ)a(ξ)dξ, (5.2)

V :=

∫ ∑

n,m

vn,m(ξ1, . . . , ξm, ξ
′
n, . . . , ξ

′
1)

a∗(ξ1) · · · a∗(ξm)a(ξ′n) · · · a(ξ′1)dξ1 · · · ξmdξ′1 · · ·dξ′n.
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The polynomials vn,m should be even in fermionic variables. We will assume

that the one-particle energy is h(ξ) =
√
ξ2 +m2.

The variable ξ has the interpretation of a 1-particle momentum. Clearly,

H0 is translation invariant. The perturbation V is translation invariant iff

it has the form

vn,m(ξ1, . . . , ξm, ξ
′
n, . . . , ξ

′
1)

= ṽn,m(ξ1, . . . , ξm, ξ
′
n, . . . , ξ

′
1)δ(ξ1 + · · · + ξm − ξ′n − · · · − ξ′1).

In our notes we will not consider translation invariant interactions. We

will always assume that vn,m(ξ1, . . . , ξm, ξ
′
n, . . . , ξ

′
1) are smooth and decay

fast in all directions. This simplifying assumption expresses in particular

the fact that the interaction is well localized. The scattering theory for such

interactions is much easier to study and better understood than that for

translation invariant interactions.

We will not worry too much about the self-adjointness of Hλ. If we

encounter problems, we will work with formal power series.

Actually, in the case of fermions one can define (5.1) as a self-adjoint

operator, since the perturbation is bounded. In the case of bosons, the self-

adjointness holds if the perturbation is of degree 1. It is also true for 2nd

order perturbation that is sufficiently small. Otherwise it can be proven

only under special assumptions (e.g. for spacially cut-off P (φ)2 interactions

[18]).

5.2. QFT Hamiltonians that do not polarize vacuum

Suppose that

vn,0 = v0,n = 0. (5.3)

Then Ω is an eigenvector of both H0 and H , and the standard wave oper-

ators exist, at least formally, see e.g. [31].

Unfortunately, physically realistic Hamiltonians often polarize the

vacuum, and the standard formalism of scattering theory is inapplicable

in these cases.

5.3. Ground state

In general, at least formally, Hλ possesses a ground state Ωλ with the

ground state energy Eλ. They depend on λ in terms of a formal pertur-
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bation expansion:

Ωλ =

∞∑

n=0

λnΩn , Eλ =

∞∑

n=0

λnEn .

5.4. Feynman-Dyson approach

There exist two basic formalisms for scattering theory of QFT Hamiltonians

with localized interaction. The first approach can be traced back to the

early works on QED. We will call it the Feynman-Dyson approach. It starts

with introducing the unrenormalized Møller operators. One can prove their

existence, at least as formal power series

S±
ur = s-lim

ε↘0
ε

∫ ∞

0

e−εte±itHe∓it(H0−E)dt

=

∞∑

n=0

λnS±
ur,n.

One can also show that the vacuum amplitude operator Z = S−∗
ur S

−
ur =

S+∗
ur S

+
ur is proportional to identity and equals Z = |(Ωλ|Ω)|2. The renor-

malized Møller operators S±
rn := S±

urZ
−1/2 are formally unitary and so is

the renormalized scattering operator Srn := S+∗
rn S

−
rn.

5.5. The LSZ formalism

Instead of the scattering theory based on Møller operators, one can proceed

differently. Following Lehman-Symanzik-Zimmermann, one can start by in-

troducing the so-called asymptotic creation/annihilation operators defined

as the limits

a±λ (f) := lim
t→±∞

eitHa(e−ithf)e−itH ,

a∗±λ (f) := lim
t→±∞

eitHa∗(e−ithf)e−itH .

One can show their existence at least as formal power series. They satisfy

the usual canonical commutation/anticommutation relations (CCR/CAR).

Moreover, asymptotic annihilation operators kill the perturbed ground

state:

a±λ (f)Ωλ = 0.

The renormalized Møller operators can be defined with help of asymp-

totic operators

S±
rn,λa

∗(f1) · · · a∗(fn)Ω = a∗±λ (f1) · · ·a∗±λ (fn)Ωλ.
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They are formally unitary and intertwine the CCR/CAR:

S±
rn,λa

∗(f) = a∗±λ (f)S±
rn,λ,

S±
rn,λa(f) = a±λ (f)S±

rn,λ.

Note that there is no need for renormalization.

One can construct the alternative renormalized scattering operator S̃

with help of asymptotic operators, even skipping the Møller operators, as

the unique (up to a phase factor) unitary operator satisfying

S̃rn,λa
∗−
λ (f) = a∗+λ (f)S̃rn,λ,

S̃rn,λa
−
λ (f) = a+

λ (f)S̃rn,λ.

6. Scattering Theory of Van Hove Hamiltonians

A van Hove Hamiltonian is a self-adjoint operator formally defined as

H =

∫
h(ξ)a∗(ξ)a(ξ)dξ +

∫
z(ξ)a(ξ)dξ +

∫
z(ξ)a∗(ξ)dξ,

where ξ 7→ h(ξ) ∈ [0,∞[ describes the energy and ξ 7→ z(ξ) the interaction.

Van Hove Hamiltonians form a very instructive class of operators, whose

properties, and in particular the scattering theory, are very well understood

[8]. They can also serve as a simple illustration of the infra-red and ultra-

violet problem. In our lectures we will not discuss the ultraviolet problem

and we will always assume that at high energies the coupling function is

sufficiently regular, which is expressed by the condition
∫

h≥1

|z(ξ)|2dξ <∞.

Following [8], we will however discuss the infra-red behavior of van Hove

Hamiltonians, which is relevant for their scattering theory. One can distin-

guish 3 cases of the infra-red behavior of the coupling function. In the order

of an increasing singularity, we call them A, B and C.

6.1. Infra-red case A

We say that the coupling function belongs to Case A if
∫

h<1

|z(ξ)|2
h(ξ)2

dξ < ∞. (6.1)

(The integral (6.1) is restricted to ξ with h(ξ) < 1.) Van Hove Hamiltonians

with the coupling function satisfying this condition are the most regular.
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It is easy to see that they are bounded from below self-adjoint operators

with the ground state energy

E := −
∫ |z(ξ)|2

h(ξ)
dξ, (6.2)

and the spectrum [E,∞[. Besides, the coherent vector

Ψ = exp

(
−

∫ |z(ξ)|2
2h(ξ)2

dξ

)
exp

(∫
a∗(ξ)

z(ξ)

h(ξ)
dξ

)
Ω ,

is its unique ground state.

To see this it is enough to introduce the so-called dressing operator

U := exp

(
−a∗

(
z

h

)
+ a

(
z

h

))
. (6.3)

If we set

H0 =

∫
h(ξ)a∗ξaξdξ,

then the operator H is up to a constant unitarily equivalent to H0:

H −E = UH0U
∗. (6.4)

6.2. Infra-red case B

Let ∫

h<1

|z(ξ)|2
h(ξ)

dξ < ∞,

∫

h<1

|z(ξ)|2
h(ξ)2

dξ = ∞.

In this case H can be still defined as a self-adjoint operator and is bounded

from below. Equation (6.2) defines a finite number E, which is the infimum

of the spectrum of H . However, H has no eigenvalues. This is related to

the fact that the dressing operator (6.3) is ill defined, and hence we cannot

write (6.4).

6.3. Infra-red case C

Let ∫

h<1

|z(ξ)|2dξ < ∞,

∫

h<1

|z(ξ)|2
h(ξ)

dξ = ∞.
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H can be still defined as a self-adjoint operator. However, H has no eigen-

vectors and its spectrum covers the whole real line.

For coupling functions satisfying∫

h<1

|z(ξ)|2dξ = ∞

one cannot define a van Hove Hamiltonian at all.

6.4. Feynman-Dyson scattering theory for van Hove

Hamiltonians

Assume that h has an absolutely continuous spectrum (as an operator on

L2(Ξ)) and Case A or Case B:
∫ |z(ξ)|2

h(ξ)
dξ < ∞.

Then it is easy to show that there exists the strong Abelian Møller operator

S±
ur := s- lim

ε↘0
ε

∫ ∞

0

e−εteitHe−it(H0+E)dξ.

We have S±
ur = UZ, where

Z = exp

(
−

∫ |z(ξ)|2
h2(ξ)

dξ

)
.

In Case A, the vacuum amplitude constant is nonzero and we can renor-

malize S±
ur, obtaining the dressing operator

S±
rn := S±

urZ
−1/2 = U.

The scattering operator is (unfortunately) trivial:

S = S+∗
rn S

−
rn = 1.

In Case B, the vacuum amplitude constant is zero. The Møller operators

are not defined. However, if we are willing to introduce and then remove

a cut-off, then we can informally conclude that the scattering operator is

again equal to identity.

6.5. The LSZ formalism for van Hove Hamiltonians

It is easy to see that in Cases A, B and C, for f ∈ Domh−1, there exist

asymptotic fields:

a±(f) := lim
t→±∞

eitHa(e−ithf)e−itH = a(f) + (f |h−1z),

a∗±(f) := lim
t→±∞

eitHa∗(e−ithf)e−itH = a∗(f) + (z|h−1f).
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This allows us to compute the scattering operator S̃ even in Cases B and

C. It is trivial — proportional to the identity.

From the point of view of asymptotic fields, the difference between

Case A and Cases B and C consists in the type of representations of the

CCR: in Case A it is Fock, but in Cases B and C it is not. (Here we use

the terminology that we will develop in the next section.)

7. Representations of the CCR

We have seen that the LSZ formalism leads to asymptotic operators

satisfying the usual canonical commutation/anticommutation relations

(CCR/CAR). These operators can have unusual properties, different from

the properties of the usual creation/annihilation operators on a Fock space,

as we saw for van Hove Hamiltonians in Cases B and C. Therefore, it is use-

ful to develop a theory of representations of the CCR/CAR in an abstract

form. In these lectures we will restrict ourselves to the case of the CCR.

We will follow [5, 7].

7.1. Definition of a representation of the CCR

Let Y be a real vector space equipped with an antisymmetric form ω.

(Usually we assume that ω is symplectic, i.e. nondegenerate.) Let U(H)

denote the set of unitary operators on a Hilbert space H. We say that

Y 3 y 7→W π(y) ∈ U(H)

is a representation of the CCR over Y in H if

W π(y1)W π(y2) = e−
i
2y1ωy2W π(y1 + y2), y1, y2 ∈ Y .

7.2. Regular representations of the CCR

Let Y 3 y 7→W π(y) be a representation of the CCR. Clearly,

R 3 t 7→W π(ty) ∈ U(H)

is a 1-parameter group. We say that a representation of the CCR is regular

if this group is strongly continuous for each y ∈ Y .

Assume that y 7→ W π(y) is a regular representation of the CCR. The

field operator corresponding to y ∈ Y is defined as

φπ(y) := −i
d

dt
W π(ty)

∣∣∣∣
t=0

.
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We have the Heisenberg canonical commutation relations

[φπ(y1), φ
π(y2)] = iy1ωy2.

7.3. Creation/annihilation operators associated with a

representation of the CCR

Let Z be a complex vector space with a scalar product (·|·). It is a symplectic

space with the form Im(·|·). Suppose that

Z 3 f 7→W π(f) ∈ U(H) (7.1)

is a regular representation of the CCR. For f ∈ Z we introduce the creation/

annihilation operators corresponding to (7.1)

aπ∗(f) :=
1√
2
(φπ(f) + iφπ(if)) , aπ(f) :=

1√
2
(φπ(f) − iφπ(if)).

They satisfy the usual relations

[aπ(f1), a
π(f2)] = 0 , [aπ∗(f1), a

π∗(f2)] = 0 ,

[aπ(f1), a
π∗(f2)] = (f1|f2).

7.4. The Fock representation

We still consider a complex vector space Z with a scalar product. Let Z cpl

denote its completion. Consider the creation/annihilation operators acting

on the Fock space Γs(Zcpl). Then φ(f) := 1√
2

(a∗(f) + a(f)) are self-adjoint

operators and

Z 3 f 7→ exp iφ(f) ∈ U
(
Γs(Zcpl)

)

is a regular representation of the CCR called the Fock representation. The

vacuum Ω is characterized by either of the following equivalent equations:

a(f)Ω = 0 , f ∈ Z ;

(Ω|eiφ(f)Ω) = e−
1
4 (f |f) , f ∈ Z .

7.5. Coherent representations

In this subsection, following [12], we describe an important class of repre-

sentations of the CCR on a Fock space — coherent representations.

Let g be an antilinear functional on Z (not necessarily bounded). Then

Z 3 f 7→Wg(f) := W (f)eiRe(g|f) ∈ U(Γs(Zcpl)) (7.2)
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is a regular representation of the CCR. It will be called the g-coherent

representation. The corresponding creation/annihilation operators are

ag(f) = a(f) +
1√
2
(f |g),

a∗g(f) = a∗(f) +
1√
2
(g|f).

The vector Ω is characterized by either of the following equations:

ag(f)Ω =
1√
2
(f |g)Ω,

(Ω|Wg(f)Ω) = e−
1
4 (f |f)+iRe(f |g).

It is easy to show that the representation f 7→Wg(f) is unitarily equiv-

alent to the Fock representation iff g is a bounded functional, equivalently,

g ∈ Zcpl. More generally, Wg1 is equivalent to Wg2 iff g1 − g2 ∈ Zcpl. This

gives an obvious equivalence relation on the dual of Z . The equivalence

class of g with respect to this relation will be denoted [g].

7.6. Coherent sectors

Suppose that

Z 3 f 7→ W π(f) ∈ U(H) (7.3)

is a representation of the CCR (e.g. obtained by asymptotic limits, so that

π = ±). Let g be be an antilinear functional on Z . In this subsection we

describe a method that allows us to determine the largest subrepresentation

of W π equivalent to a multiple of the g-coherent representation.

Let Spancl(K) denote the closure of the linear span of K. Define

Kπg := {Ψ ∈ H : aπ(f)Ψ =
√

2(g|f)Ψ} (7.4)

= {Ψ ∈ H : (Ψ|W π(f)Ψ) = ‖Ψ‖2e−
1
4 (f |f)+iRe(f |g)},

Hπ
[g] := Spancl

{
aπ∗(f1) · · · aπ∗(f1)Ψ : Ψ ∈ Kπg , fi ∈ Z

}
(7.5)

= Spancl
{
W π(f)Ψ : Ψ ∈ Kπg , f ∈ Z

}
.

Kπg is called the space of g-coherent vectors and Hπ
[g] is called the [g]-

coherent sector of W π. In the case g = 0, we have a somewhat different

terminology: Kπ0 is called the space of Fock vacua and Hπ
[0] is called the

Fock sector of W π.
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We also define an isometric operator Sπg : Kπg ⊗ Γs(Zcpl) → H by

Sπg Ψ ⊗ a∗g(f1) · · · a∗g(fn)Ω = aπ∗(f1) · · ·aπ∗(fn)Ψ ,

Sπg Ψ ⊗Wg(f)Ω = W π(f)Ψ .
(7.6)

(In (7.4), (7.5) and (7.6) we give two alternative equivalent definitions. One

of them involves creation/annihilation operators and ther other one involves

Weyl operators.)

Theorem 7.1. The following statements are true:

(1) Hπ
[g] is an invariant subspace for W π.

(2) Sπg : Kπg ⊗ Γs(Zcpl) → Hπ
[g] is unitary.

(3) Sπg 1 ⊗Wg(f) = W π(f) Sπg , f ∈ Z.

(4) If U is isometric such that U 1 ⊗ Wg(f) = W π(f) U, f ∈ Z, then

RanU ⊂ Hπ
[g].

Thus Hπ
[g] is the biggest subspace of H, on which W π is unitarily equivalent

to Wg .

7.7. Covariant representations

We still consider a representation of the CCR (7.3). Let h be a self-

adjoint operator on Zcpl and H a self-adjoint operator on H. We say that

(W π, h,H) is a covariant representation of the CCR iff

eitHW π(f)e−itH = W π(eithf) , f ∈ Z .

The most obvious example of a covariant representation is (W,h,dΓ(h)),

where W is the Fock representation. This follows from the identity

eitdΓ(h)W (f)e−itdΓ(h) = W (eithf).

Let us now describe a somewhat more complicated example of a covari-

ant representation. Let g ∈ h−1Zcpl. Set z = 1√
2
hg. Introduce the van Hove

Hamiltonian

dΓg(h) := dΓ(h) + a∗(z) + a(z) + (z|h−1z).

Let W g by the g-coherent representation. Then (Wg , h, dΓg(h)) is a covari-

ant representation of the CCR, that is

eitdΓg(h)Wg(f)e−itdΓg(h) = Wg(e
ithf). (7.7)
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Note that (7.7) is obvious for g ∈ Zcpl, because then

dΓg(h) = W (ig)dΓ(h)W (−ig),

Wg(f) = W (ig)W (f)W (−ig).

7.8. Coherent sectors of a covariant representation

The following theorem [12] shows that in some cases subrepresentations of

a covariant representation of the CCR are also covariant.

Suppose that Z 3 f 7→ W π(f) ∈ U(H) is a representation of the CCR.

We will use the notation Kπg , Hπ
[g] and Sπg introduced in (7.4), (7.5) and

(7.6).

Theorem 7.2. Let (W π, h,H) be covariant. Then the following is true:

(1) Kπ0 and Hπ
[0] are eitH -invariant. Let Kπ

0 := H |Kπ
0

and set

Hπ
0 = Kπ

0 ⊗ 1 + 1 ⊗ dΓ(h).

Then HSπ0 = Sπ0H
π
0 .

(2) Let g ∈ h−1/2Z. Then Hπ
[g] is eitH-invariant. Moreover, for some oper-

ator Kπ
g on Kπg , if we set

Hπ
g := Kπ

g ⊗ 1 + 1 ⊗ dΓg(h),

then we have HSπg = SπgH
π
g .

(1) of the above theorem shows that one can always restrict a covariant

representation to its Fock sector, obtaining a covariant representation. This

covariant representation is very easy — the Hamiltonian restricted to this

sector decouples into a sum of non-interacting simple-minded terms.

(2) says that, under some conditions on g, the representation W π re-

stricted to the [g]-coherent sector is still covariant. Moreover, it is unitarily

equivalent to

(
1 ⊗W g , 1 ⊗ h,Kπ

g ⊗ 1 + 1 ⊗ dΓg(h)
)
.

This fact can be used to analyze dynamics that are seemingly difficult, e.g.

such as those typical for the infra-red problem [4, 30, 33, 25, 26]. In fact, if

g 6∈ Zcpl, then the Hamiltonian H restricted to the [g]-coherent sector has

no eigenvectors, and in spite of that it is under control — its main part is

a well understood van Hove Hamiltonian.
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8. Pauli-Fierz Hamiltonians

Many physical situations are well described in terms of a “small quantum

system” interacting with quantized fields. The small quantum system can

be an atom, a molecule, a “quantum dot”, etc. One often assumes that it is

finite dimensional, or at least that its Hamiltonian has a discrete spectrum.

The quantized fields can describe electromagnetic radiation (photons), crys-

tal vibrations (phonons), etc. One often assumes that they are described

by a simple free dynamics.

The Hamiltonian of a composite system typically consists of three terms:

the Hamiltonian of the small system, the Hamiltonian of the quantum field,

and the interaction that couples them.

8.1. Definition of Pauli-Fierz Hamiltonians

We will restrict ourselves to the case of bosonic fields and we will assume

that the interaction is linear in the fields.

More explicitly, suppose that K be a Hilbert space with a self-adjoint

operator K describing the small system. For instance, we can consider

the space L2(Rd) with a Schrödinger operator K = −∆ + V (x). Usu-

ally, we will assume that K has discrete eigenvalues, which is the case

if lim|x|→∞ V (x) = ∞.

We assume that the bosons are described by the Fock space Γs(Z),

where, for concreteness, the one-particle space is Z = L2(Rd). As usual,

the dispersion relation of the bosons is assumed to be h(ξ) :=
√
ξ2 +m2,

m ≥ 0. The parameter m will be called “the mass”.

The full Hilbert space is K ⊗ Γs(Z). We fix a coupling function

ξ 7→ v(ξ) ∈ B(K).

An operator of the form

H := H0 + V, (8.1)

where

H0 := K ⊗ 1 + 1 ⊗
∫
h(ξ)a∗(ξ)a(ξ)dξ, (8.2)

V :=

∫
v(ξ) ⊗ a∗(ξ)dξ + hc,

will be called a Pauli-Fierz Hamiltonian. Note in parenthesis that the ter-

minology in this area is not settled and other names are used in this context

as well, such as a generalized spin-boson Hamiltonian.
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8.2. Spectral properties of Pauli-Fierz Hamiltonians

Let us start with some results about the spectral properties of Pauli-Fierz

Hamiltonians.

Theorem 8.1.

(1) [10] Assume that (K + i)−1 is compact and
∫

(1 + h(ξ)−1)‖v(ξ)‖2dξ <∞.

Then H is self-adjoint and bounded from below. If E := inf spH, then

spessH = [E +m,∞[ . (8.3)

(2) [16], see also [1, 2, 19]. If in addition
∫

(1 + h(ξ)−2)‖v(ξ)‖2dξ <∞,

then H has a ground state (the infimum of its spectrum is an eigen-

value).

(1) can be called an HVZ-type theorem for Pauli-Fierz Hamiltonians

(after a well known Hunziker-van Winter-Zhislin Theorem about N -body

Schrödinger Hamiltonians [29]). It implies that if m is positive, then H nec-

essarily has a ground state. By (2), if the interaction is sufficiently regular

in the infrared region, this ground state survives even if m = 0.

In typical situations one expects that H has no eigenvalues embedded

in its continuous spectrum. This expecation is often confirmed by rigorous

results. In fact, for a small non-zero coupling constant and some generic

assumptions on the interaction, one can show that the spectrum of Hλ :=

H + λV in ]E +m,∞[ is purely absolutely continuous, e.g. [2, 3].

In particular, if m = 0, this means that the only eigenvalue of Hλ is at

the bottom of its spectrum. One can often prove that it is nondegenerate.

8.3. Scattering theory of Pauli-Fierz Hamiltonians

In the case of Pauli-Fierz Hamiltonians, the formalism of scattering theory

based on Abelian Møller operators (which in Section 5 we called the

Feynman-Dyson formalism) does not apply. Note that (8.1) is not an oper-

ator of the form (5.1), because of the presence of the small system.

It turns out, however, that a certain version of the LSZ formalism

works well for Pauli-Fierz Hamiltonians. This formalism will be described
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below, following its version described by Gérard and the author in [10–12].

(Fröhlich-Griesemer-Schlein use a slightly different setup in [14]).

Theorem 8.2 ([10]). Suppose that for f from a dense subspace we have
∫ ∞

0

∥∥∥∥
∫

eith(ξ)f(ξ)v(ξ)dξ + hc

∥∥∥∥ dt <∞. (8.4)

Define Z1 := Domh−1/2 ⊂ L2(Rd). Then the following holds:

(1) For f ∈ Z1, there exists

W±(f) := s- lim
t→±∞

eitH1⊗W (e−ithf)e−itH ; (8.5)

(2) W±(f1)W
±(f2) = e−i Im(f1|f2)W±(f1 + f2), f1, f2 ∈ Z1;

(3) R 3 t 7→W±(tf) is strongly continuous;

(4) eitHW±(f)e−itH = W±(eithf);

(5) If HΨ = EΨ, then (Ψ|W±(f)Ψ) = e−‖f‖2/4‖Ψ‖2.

Note that the assumption (8.4) is very weak and it allows for m = 0.

Now we can follow the strategy developed in in Section 7. Using asymp-

totic Weyl operators W±(f) we introduce asymptotic fields

φ±(f) :=
d

idt
W±(tf)

∣∣∣
t=0

and asymptotic creation/annihilation operators

a∗±(f) :=
1√
2
(φ(f) + iφ(if)),

a±(f) :=
1√
2
(φ(f) − iφ(if)).

We also define the space of asymptotic Fock vacua:

K±
0 :=

{
Ψ : (Ψ|W±(f)Ψ) = e−‖f‖2/4‖Ψ‖2

}
(8.6)

=
{
Ψ : a±(f)Ψ = 0

}
. (8.7)

(Remember that (8.6) and (8.7) are equal to one another.)

Here is a reformulation of Theorem 8.2, where we use the terminology

introduced in Section 7:

Theorem 8.3. Under the assumptions of Theorem 8.2 the following is true:

(1) For f ∈ Z1 the limit (8.5) exists. Denote it by W±(f).

(2) Z1 3 f 7→W±(f) are representations of the CCR.
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(3) These representations are regular.

(4) (W±, h,H) are covariant.

(5) Hp(H) ⊂ K±
0 , where Hp(H) denotes the span of eigenvectors of H.

8.4. Asymptotic dynamics

Let us stress that so far in our scattering theory for Pauli Fierz amiltonians,

the starting point was a single Hamiltonian H , and not a pair of Hamilto-

nians (H,H0). In fact, a priori it is not clear which operator should play

the role of the “free Hamiltonian”, or better to say, the “asymptotic Hamil-

tonian”. The operator H0 of (8.2), obtained by dropping the interaction

term, is in general not the right choice. In fact, typically, it even has a

completely different spectrum than H . In this subsection we will describe

how to introduce natural asymptotic Hamiltonians and to construct Møller

operators.

First let us introduce the operator

K±
0 := H

∣∣∣
K±

0

.

It describes the energies of asymptotic vacua. (Under the assumptions of

Theorem 8.4 below we can prove, and under more general conditions we

expect, that the spectrum of K±
0 coincides with the point spectrum of H .)

Define

H±
[0] := Spancl

{
W±(f)Ψ : Ψ ∈ K±

0 , f ∈ Z1

}
.

Clearly, H±
[0] is the smallest space containing the asymptotic vacua and

invariant wrt asymptotic creation operators. It is the largest space on which

the asymptotic representations are Fock.

Define the asymptotic Fock Hilbert space H± as
0 := K±

0 ⊗Γs(L
2(Rd)) and

the asymptotic Hamiltonian for the Fock sector

H± as
0 := K±

0 ⊗ 1 + 1 ⊗
∫
h(ξ)a∗(ξ)a(ξ)dξ.

Note that there exist unitary operators

S±
0 : H± as

0 → H±
[0] ⊂ H,

which we will call the Møller operators for the Fock sector, such that

S±
0 Ψ ⊗ a∗(f1) · · ·a∗(fn)Ω = a∗±(f1) · · · a∗±(fn) Ψ , Ψ ∈ K±

0 .
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The Møller operators intertwine the creation/annihilation operators and

the Hamiltonian on the asymptotic space, and those on the physical space:

S±
0 1 ⊗ a∗(f) = a∗±(f)S±

0 ,

S±
0 1 ⊗ a(f) = a±(f)S±

0 ,

S±
0 H

± as
0 = HS±

0 .

The scattering operators for the Fock sector is defined as

S00 = S+∗
0 S−

0 .

It satisfies S00H
− as
0 = H+as

0 S00. If H+
[0] = H−

[0], then S00 is unitary on

H+as
0 = H− as

0 .

The operator S00 can be used to compute various physically interesting

scattering cross-sections.

8.5. Asymptotic completeness

Theorem 8.2 is not difficult to prove. The following theorem is deeper,

especially its second part.

Theorem 8.4 (Asymptotic completeness for massive Pauli-Fierz

Hamiltonians). Assume that m > 0. Then

(1) [21, 10, 11] H±
[0] = H, in other words, the asymptotic representations of

the CCR are Fock.

(2) [10] K±
0 = Hp(H), in other words, all the asymptotic vacua are linear

combinations of eigenvectors.

In the proof of Theorem 8.4 an important role is played by the methods

developed in the study of N -body scattering theory [9]. It is a rather satis-

factory result except for one aspect: it assumes the positivity of the mass,

which is not very physical. It would be very interesting to extend it to the

case m = 0. Here is a possible conjecture [12]:

Conjecture. Asymptotic completeness for massless Pauli-Fierz

Hamiltonians. Assume that h(ξ) = |ξ| and
∫

(1 + h(ξ)−2)‖v(ξ)‖2dξ <∞.

Then

(1) H±
[0] = H,

(2) K±
0 = Hp(H).
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Note that the above conjecture is true if dimK = 1 (i.e. for van Hove

Hamiltonians). It is also true if v(ξ) = 0 for |ξ| < ε, ε > 0, (as remarked in

[14]).

8.6. Relaxation to the ground state

Common wisdom says that a typical small system interacting with a reser-

voir at zero temperature will relax to its ground state. For a wide and

generic class of Pauli-Fierz Hamiltonians this idea can be rigorously ex-

pressed and proven, and is essentially an easy corollary of their asymptotic

completeness and spectral properties.

As we remarked before, one can often prove that Pauli-Fierz Hamilto-

nians have only absolutely continuous spectrum except for a unique ground

state Ψgr [2, 3]. If in addition asymptotic completeness holds [10, 14], then

the asymptotic space is H± as
0 = Γs(Z).

Introduce the C∗-algebra

A := B(K) ⊗ CCR(Z) ⊂ B (K ⊗ Γ(Γs(Z))) ,

where CCR(Z) = Spancl{W (f) : f ∈ Z}. The following theorem comes

from [22, 14]:

Theorem 8.5 (Relaxation to the ground state). Assume that H is

a Pauli-Fierz Hamiltonian for which asymptotic completeness holds, and

there are no eigenvectors except for a unique ground state Ψgr. Let A ∈ A.

Then

w- lim
|t|→∞

eitHAe−itH = (Ψgr|AΨgr) 1H.

8.7. Coherent asymptotic representations

In the massless case asymptotic completeness does not always hold. In par-

ticular, the Fock property of asymptotic fields may be not true. To see this

it is enough to consider the case of van Hove Hamiltonians; more compli-

cated examples can be found in [12]. Nevertheless, following the formalism

of Subsection 7.6 and [12], one can try to look for coherent asymptotic rep-

resentations. This will allow us to study scattering amplitudes also in the

case where the Fock property breaks down.

In fact, assume that g belongs to the dual of Z1. Then one can define

the subspaces of asymptotic g-coherent vectors

K±
g :=

{
Ψ ∈ H : (Ψ|W±(f)Ψ) = ‖Ψ‖2e−

1
4 (f |f)+iRe(f |g)

}
,



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 07-derezinski

178 J. Dereziński

the [g]-coherent sector

H±
[g] := Spancl

{
W±(f)Ψ : Ψ ∈ Kπg , f ∈ Z

}
,

the g-coherent asymptotic Hilbert space

H± as
g := K±

g ⊗ Γs(Zcpl),

and the g-coherent asymptotic Hamiltonians

H± as
g := K±

g ⊗ 1 + 1 ⊗ dΓ(h).

The Møller operators for the g-coherent sectors S±
g : H± as

g → H±
[g] ⊂ H

intertwine creation/annihilation operators and the Hamiltonians:

S±
g 1 ⊗ a∗g(f) = a∗±(f)S±

g ,

S±
g 1 ⊗ ag(f) = a±(f)S±

g ,

S±
g H

± as
g = HS±

g .

There exists an alternative time-dependent definition of the Møller op-

erator, which follows the pattern (2.10). Define the g-coherent identifier

J±
g : H± as

g → H by

J±
g Ψ ⊗Wg(f)Ω = 1⊗W (f) Ψ.

Then we can introduce the Møller operators using this identifier:

S±
g = s- lim

t→±∞
eitHJ±

g e−itH± as
g .

Let g1, g2 belong to the dual of Z1. Then one can define the scattering

operator between the sectors corresponding to g1 and g2:

Sg2,g1 := S+∗
g2 S

−
g1 .

This operator can be used to define and compute scattering cross-sections

even if asymptotic fields have no Fock vacua.
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11. J. Dereziński and C. Gérard, Spectral and scattering theory of spatially cut-

off P (ϕ)2 Hamiltonians, Comm. Math. Phys. 213 (2000) 39–125.
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17. C. Gérard, On the scattering theory of massless Nelson models, Rev. Math.

Phys. 14 (2002) 1165–1280.
18. J. Glimm and A. Jaffe, Quantum Physics. A Functional Integral Point of

View, 2nd edition, Springer, New York, 1987.
19. M. Griesemer, E. H. Lieb and M. Loss, Ground states in non-relativistic

quantum electrodynamics, Invent. Math. 145 (2001) 557.
20. K. Hepp, La Theorie de la Renormalisation, Springer, Berlin-Heidelberg-New

York, 1969.
21. R. Hœegh-Krohn, Boson fields under a general class of cut-off interactions,

Comm. Math. Phys. 12 (1969) 216–225.



May 17, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 07-derezinski

180 J. Dereziński
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In these notes, we present some key aspects of the mathematical de-
scription of the quantum mechanics of nonrelativistic matter, i.e., atoms
and molecules. Special focus lies on the concepts of infinitesimal per-
turbations, stability of matter, the Hartree-Fock approximation and its
justification, and its generalization to a variation over quasifree states
which is termed Bogolubov-Hartree-Fock theory.

1. Relative Boundedness and Stability of the First Kind

According to classical mechanics, as it was known about the early 20th cen-

tury, the electron in a hydrogen atom must fall into the nucleus, emitting an

infinite amount of radiation energy. One of the early thriumphes of quan-

tum mechanics in 1925 — as invented by Schrödinger and Heisenberg —

was to provide a consistent model in which this does not happen, but the

energy of the hydrogen atom is bounded below by a least number — the

ground state energy.

Semiboundedness, i.e., boundedness from below, of the energy of a quan-

tum mechanical system became a fundamental principle which has been

established for many models and has served to this very day as a guideline

to derive new models.

While the semiboundedness of the hydrogen ground state energy was

early established by the explicit solution of the Schrödinger equation, a

systematic treatment of general interaction potentials that could describe

complex molecules or solids was lacking until about 1950, when Kato in-

troduced the notion of relative boundedness.

181
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Definition 1.1. Let H be a Hilbert space (always complex and separable).

(i) The pair (A,D) is called a linear operator on H

: ⇐⇒ D ⊆ H is a subspace and A : D → H is linear. (1.1)

We denote by L(H) the set of linear operators on H and call D
domain of A.

(ii) A linear operator (A,D) ∈ L(H) is densely defined

: ⇐⇒ D = H. (1.2)

(iii) A linear operator (A,D) ∈ L(H) is closed

: ⇐⇒ G(A,D) = G(A,D), where (1.3)

G(A,D) :=
{
(φ,Aφ)

∣∣ φ ∈ D
}

⊆ H ⊕H

is the graph of (A,D).

(iv) For a densely defined linear operator (A,D), we set

D∗ :=
{
ψ ∈ H

∣∣∃ c <∞∀φ ∈ D :
∣∣〈ψ|Aφ〉

∣∣ ≤ c · ‖φ‖
}
. (1.4)

For ψ ∈ D∗ the map (φ 7→ 〈ψ|Aφ〉) ∈ B(H,C) defines a bounded linear

functional on H, since D ⊆ H is dense. By the Riesz representation

theorem, there exists a unique vector θψ ∈ H, such that

∀φ ∈ D : 〈ψ|Aφ〉 = 〈θψ |φ〉. (1.5)

We define the adjoint (A∗,D∗) ∈ L(H) of (A,D) by

∀ψ ∈ D∗ : A∗ψ := θψ. (1.6)

(Linearity of A∗ : D∗ → H is obvious.)

(v) A densely defined linear operator (A,D) is symmetric

: ⇐⇒ D∗ ⊇ D and ∀ϕ ∈ D : A∗ϕ = Aϕ. (1.7)

In this case, 〈ϕ|Aϕ〉 ∈ R, for all ϕ ∈ D.

(vi) A densely defined, symmetric linear operator (A,D) is semibounded

or bounded below

: ⇐⇒ ∃C <∞ : A ≥ C, (1.8)

: ⇐⇒ ∃C <∞ ∀ϕ ∈ D, ‖ϕ‖ = 1 : 〈ϕ|Aϕ〉 ≥ C. (1.9)

(vii) A densely defined linear operator (A,D) is self-adjoint (s.a.)

: ⇐⇒ (A∗,D∗) = (A,D). (1.10)
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Examples and Remarks

• Recall that the continuous linear operators on H are exactly the bounded

linear operators on H

B[H] :=
{
A : H → H

∣∣ A is linear and continuous
}

=
{
A : H → H

∣∣ A is linear and bounded
}

(1.11)

=
{
A : H → H

∣∣ A is linear and ‖A‖op <∞
}
,

where the operator norm ‖A‖op is defined as

‖A‖op := sup
ψ∈H\{0}

‖Aψ‖H
‖Aψ‖H

:= sup
ψ∈H\{0},‖ψ‖H=1

‖Aψ‖H. (1.12)

• In quantum mechanics, it is necessary to allow for unbounded operators

(for example, the position and momentum operators x and −i∇x). Like-

wise, closedness of the operators is a minimal regularity assumption we

require, too.

• The Closed Graph Theorem in functional analysis, however, says that if

(A,D) ∈ L(H) is a closed linear operator and D = H then A ∈ B[H] is

bounded.

• Therefore, the domain D ⊂ H of a closed, but unbounded, linear operator

(A,D) ∈ L(H) is necessarily a proper subset D 6= H of H.

The importance of the notion of self-adjointness of a linear operator

(A,D), as opposed to its mere symmetry, lies in Stone’s theorem which

asserts that the self-adjointness of A is equivalent to the existence and

uniqueness of the solution of the initial value problem ψ̇t = −iHψt, ψ0 ∈ H,

known as Schrödinger’s equation. To formulate Stone’s theorem, we first

introduce the notion of strongly continuous groups.

Definition 1.2. Let H be a Hilbert space. A family
{
T (t)

}
t∈R

⊆ B(H) of

bounded linear operators on H is called C0-group : ⇐⇒

∀ t, s ∈ R : T (t)T (s) = T (t+ s); (1.13)

T (0) = 1; (1.14)

∀ψ ∈ H : (t 7→ T (t)ψ) ∈ C(R;H). (1.15)

Theorem 1.3 (Stone (for Self-Adjoint Operators)). Let H be a

Hilbert space and (A,D) ∈ L(H) a densely defined, closed linear opera-

tor on H. Then (A,D) is self-adjoint iff it generates a C0-group {e−itA}t∈R

of unitary operators on H. More precisely,
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(i) If (A,D) is self-adjoint then the Schrödinger equation

∀ t ∈ R : ψ̇t = −iH ψt ψ0 ∈ D, (1.16)

has a unique solution ψ(·) ∈ C1(R;D) such that ‖ψt‖H = ‖ψ0‖H,

for all t ∈ R. Moreover, the linear operator TD(t) : D → D de-

fined by TD(t)ψ0 := ψt extends (by continuity) to a unitary operator

T (t) ∈ B[H], and the family {T (t)}t∈R constitutes a C0-group of unitary

operators.

(ii) If {T (t)}t∈R is a given C0-group of unitary operators, let DT ⊆ H be

the subspace of vectors ψ, for which

−i AT ψ := lim
t→0

{
T (t)ψ − ψ

t

}
exists, (1.17)

i.e., DT := {ψ ∈ H| − iATψ ∈ H}. Then DT is dense, and (AT ,DT ) ∈
L(H) is a self-adjoint operator. In this case AT is called generator of

the C0-group {T (t)}t∈R.

Examples and Remarks

• Theorem 1.3 emphazises the importance of self-adjointness as a property

of linear operators. At this point it is not clear, however, that there are

any examples.

• The following example illustrates that practically every multiplication

operator by a real function is self-adjoint on its natural domain. Namely,

let (Ω,A, µ) be a sigma-finite measure space and f : Ω → R a mea-

surable function which is almost everywhere finite, which means that

limn→∞ µ
(
{ω ∈ Ω : |f(ω)| ≥ n}

)
= 0. We set H := L2(Ω),

D :=
{
φ ∈ H

∣∣ fφ ∈ H
}

(1.18)

and A : D → H,

∀ω ∈ Ω : (Aφ)(ω) := f(ω) · φ(ω). (1.19)

Then (A,D) ∈ L(H) is self-adjoint, and its spectrum is given by

σ(A) = ess Ran(f) := ∩
{
f(Ω′)

∣∣Ω′ ∈ A, µ(Ω \ Ω′) = 0
}
. (1.20)

• The spectral theorem for self-adjoint operators says that, given a

Hilbert space H and a self-adjoint operator (A,D) = (A∗,D∗) ∈ L(H) on

H, there exists a measure space (Ω,A, µ), a real, measurable, and almost

everywhere finite, function f : Ω → R, and a unitary linear map U :

H → L2(Ω, dµ), such that the domain D = {φ ∈ H|(f ·Uφ) ∈ L2(Ω, dµ)}
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is naturally preserved under U and that, after conjugation with U , the

operator A becomes a multiplication operator,

∀ψ ∈ L2(Ω), f · ψ ∈ L2(Ω), ω ∈ Ω :
(
UAU∗ψ

)
(ω) = f(ω)ψ(ω).

(1.21)

The spectral theorem hence asserts that all self-adjoint operators are

multiplication operators, up to a unitary transformation.

• To be more concrete, let H = L2(R3) and
[
| · |−1ϕ

]
(x) :=

ϕ(x)
|x| . Then(

|·|−1,D|·|−1

)
is self-adjoint with D|·|−1 := {ϕ ∈ L2(R3)||·|−1ϕ ∈ L2(R3)}.

• Similarly, let H = L2(R3) and consider the Laplacian,
[
∆ϕ
]
(x) :=∑3

ν=1(∂
2
νϕ)(x). Then

(
∆,D∆

)
is self-adjoint with D∆ := {ϕ ∈

L2(R3)|∆ϕ ∈ L2(R3)}.
Note that here, ∂ν are distributional derivatives. For instance, ∂νϕ ∈
L2(R3) means that there exists a constant c < ∞ such that |〈ϕ|∂νf〉| ≤
c ‖∂νf‖H, for all smooth f ∈ C∞

0 (R3) of compact support (for which

∂νf is the usual partial derivative w.r.t. xν). Since C∞
0 (R3) is dense in

L2(R3), there is a unique ψ ∈ L2(R3) such that 〈ϕ|∂νf〉 = 〈ψ|f〉, for all

f ∈ C∞
0 (R3), and we set ∂νϕ := −ψ (the minus sign accounting for a

ficticious integration by parts). Of course, the distributional derivative of

ϕ agrees with the usual partial derivative, if ϕ is a differentiable function.

• The previous two examples establish the self-adjointness of the kinetic

energy operator −∆ and the Coulomb potential −|x|−1 separately, but

this does not imply self-adjointness of their sum −∆− |x|−1. The latter,

however, is achieved by the notion of relative boundedness.

Definition 1.4. Let H be a Hilbert space and (A,DA), (B,DB) ∈ L(H)

two densely defined operators on H.

(i) (B,DB) is bounded relative to A

:⇔ DB ⊇ DA, and there exist a, b ∈ R
+, such that

∀ϕ ∈ DA : ‖Bϕ‖ ≤ a · ‖Aϕ‖ + b · ‖ϕ‖. (1.22)

In this case a is called relative bound.

(ii) (B,DB) is an infinitesimal perturbation of (A,DA)

:⇔ DB ⊇ DA, and for all a > 0 there exists b ≡ b(a) <∞, such that

∀ϕ ∈ DA : ‖Bϕ‖ ≤ a · ‖Aϕ‖ + b · ‖ϕ‖. (1.23)

(iii) A symmetric operator (A,DA) is semibounded or bounded below

:⇔ ∃M > −∞ ∀ϕ ∈ DA : 〈ϕ|Aϕ〉 ≥ M · ‖ϕ‖2. (1.24)

In this case M is called lower bound for A, and we write A ≥M .
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Theorem 1.5 (Kato-Rellich). Let H be a Hilbert space, (A,DA) ∈ L(H)

self-adjoint, (B,DB) ∈ L(H) symmetric and bounded relative to A with

relative bound a < 1. Then

(i) (A+B,DA) ∈ L(H) is self-adjoint,

(ii) If (A,DA) is furthermore semibounded and A ≥ M then (A + B,DA)

is semibounded, too, and

A+B ≥ M − max
{ b

1 − a
, |M |

}
. (1.25)

Examples and Remarks

• Semiboundedness is not only one key condition to ensure self-adjointness

by means of the Kato-Rellich theorem, but also reflects the physical

aspect of boundedness of the energy of a physical system from below.

• The following lemma gives a convenient characterization for B to be an

infinitesimal perturbation of A.

Lemma 1.6. Let H be a Hilbert space, (A,DA) a self-adjoint and semi-

bounded operator, (B,DB) ∈ L(H) with DB ⊇ DA and B(A+E)−1 ∈ B(H),

for E <∞ sufficiently large, such that

lim
E→∞

∥∥B(A+E)−1
∥∥

op
= 0. (1.26)

Then (B,DB) is an infinitesimal perturbation of (A,DA).

Examples and Remarks

• We apply Lemma 1.6 to H := L2(Rd), with d ≤ 3, and V ∈ L2+L∞(Rd).

We claim that

lim
E→∞

∥∥V (−∆ +E)−1
∥∥

op
= 0. (1.27)

To see this we write V = V2 + V∞, with Vp ∈ Lp(Rd), and let f, ψ ∈
L2(Rd). Then

∥∥V2(f ∗ ψ)
∥∥2

L2 =

∫
|V2(z)|2

∣∣∣∣
∫

f(x− z)ψ(x) ddx

∣∣∣∣
2

ddz

≤
∫

|V2(z)|2
(∫

|f(x− z)|2ddx
)(∫

|ψ(x)|2 ddx
)
ddz

=
∥∥V2

∥∥2

L2 ·
∥∥f
∥∥2

L2 ·
∥∥ψ
∥∥2

L2 =
∥∥V2

∥∥2

L2 ·
∥∥f̂
∥∥2

L2 ·
∥∥ψ
∥∥2

L2 .

(1.28)
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Choosing f(x) := (−∆ +E)−1(x), i.e., f̂(p) = 1
p2+E , we observe that

∥∥f̂
∥∥2

L2 =

∫
ddp

(p2 +E)2
≤ 2

∫
ddp

(|p| +E)4
≤ Cd

E4−d
, (1.29)

for some constant Cd <∞ depending on d. Thus

lim
E→∞

∥∥V2(−∆ +E)−1
∥∥

op
≤
∥∥V2

∥∥
L2 · lim

E→∞

∥∥f̂
∥∥2

L2 → 0, (1.30)

and clearly ‖V∞(−∆ +E)−1‖op ≤ ‖V∞‖L∞ E−1 → 0, as well.

• For example, for d = 3, R > 0, and V (x) := −|x|−1, we write

V (x) =
−1

|x| =
−1[|x| ≤ R]

|x|︸ ︷︷ ︸
∈L2(Rd)

+
−1[|x| < R]

|x|︸ ︷︷ ︸
∈L∞(Rd)

. (1.31)

Hence V (x) := −|x|−1 is an infinitesimal perturbation of −∆, and(
−∆− |x|−1,D−∆

)
is self-adjoint and semibounded. In other words, the

Kato-Rellich theorem implies the existence of the hydrogen atom and its

dynamics.

• The example above shows that relative boundedness works well to prove

self-adjointness of one-body operators, like the Hamiltonian of the hydro-

gen atom or, in general, a particle in an external potential. It can also be

easily extended to pair potentials, as the following consideration shows.

Let W ∈ L2 + L∞(R3) and H := L2(R3) and define a pair potential

operator Wxy on H⊗H 3 ψ by

[
Wxyψ

]
(x, y) := W (x− y)ψ(x, y). (1.32)

Writing ψy(x) := ψ(x, y), we have that for all a > 0 there exists ba <∞
such that

‖Wxyψ)‖2
H⊗H =

∫ (∫
|W (x− y)|2 |ψy(x)|2 dx

)
dy

=

∫ ∥∥W (· − y)ψy
∥∥2

H
dy (1.33)

≤
∫ ∥∥∥

(
a(−∆) + ba · 1

)
ψy

∥∥∥
2

H
dy

= a2
∥∥(−∆ ⊗ 1)ψ

∥∥2

H⊗H
+ b2a‖ψ‖2

H⊗H,

and similarly

‖Wxyψ)‖2
H⊗H ≤ a2

∥∥(1⊗ (−∆))ψ
∥∥2

H⊗H
+ b2a‖ψ‖2

H⊗H. (1.34)
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Now we are in position to show self-adjointness and semiboundedness

of the Hamiltonian for an atom or a molecule with N ≥ 2 electrons and

K ≥ 1 fixed nuclei of nuclear charges Z := (Z1, . . . , ZK) ∈ (R+)K located

at positions R := (R1, . . . , RK) ∈ R
3K . The total nuclear charge is denoted

Ztot :=
∑K
k=1 Zk. The Hilbert space of N electrons is

H(N)
A = A

[
H(N)

]
, (1.35)

where H(N) =
⊗N

n=1 L
2(R3 × Z2) and A = A2 = A∗ is the projection

onto the totally antisymmetric wave functions in accordance with the Pauli

principle. The Hamiltonian of the atom (K = 1) or the molecule (K ≥ 2) is

HN (R,Z) =

N∑

n=1

(
− ∆xn

−
K∑

k=1

Zk
|xn −Rk|

)
+

∑

1≤n<m≤N

1

|xn − xm| .

(1.36)

We may rewrite HN ≡ HN (R,Z) as

HN = H0 + V(x), (1.37)

where x := (x1, . . . , xN ) ∈ R
3N and

H0 :=

N∑

n=1

−∆n, (1.38)

V(x) :=

N∑

n=1

K∑

k=1

−Zk
|xn −Rk|

+
∑

1≤n<m≤N

1

|xn − xm| . (1.39)

Theorem 1.7. For all N ≥ 2, K ≥ 1, Z := (Z1, . . . , ZK) ∈ (R+)K , and

R := (R1, . . . , RK) ∈ R
3K , the Hamiltonian

(
HN ,DH0 ∩ H(N)

)
∈ L(H(N))

is self-adjoint and semibounded.

Proof. Since |x|−1 is an infinitesimal perturbation of −∆, we have
∥∥|x−R|−1ϕ

∥∥ ≤ a · ‖ − ∆ϕ‖ + b · ‖ϕ‖, (1.40)

for all ϕ ∈ D−∆ and R ∈ R
3, and thus

∥∥∥∥∥
N∑

n=1

K∑

k=1

Zk
|xn −Rk|

ψ

∥∥∥∥∥ ≤
N∑

n=1

K∑

k=1

Zk

∥∥∥∥
1

|xn −Rk|
ψ

∥∥∥∥ (1.41)

≤
N∑

n=1

K∑

k=1

Zk (a ‖ − ∆nψ‖ + b ‖ψ‖)

= Ztot

(
N∑

n=1

a ‖ − ∆nψ‖ + N b ‖ψ‖
)
.
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Analogously,

∥∥∥∥∥
∑

n<m

1

|xn − xm|ψ
∥∥∥∥∥ ≤ 1

2

∑

n6=m

∥∥|xn − xm|−1ψ
∥∥ (1.42)

≤ 1

2

∑

n6=m

{
a

2

(
‖ − ∆mψ‖ + ‖ − ∆nψ‖

)
+ b ‖ψ‖

}

=
N − 1

2

(
N∑

n=1

a ‖ − ∆nψ‖
)

+
N(N − 1)

2
b ‖ψ‖.

Note that, for m 6= n,

〈−∆mψ| − ∆nψ〉 =

d∑

µ,ν=1

〈
− ∂2

m,µψ
∣∣− ∂2

n,νψ
〉

=

d∑

µ,ν=1

∥∥∂m,µ∂n,νψ
∥∥2 ≥ 0. (1.43)

Hence

N∑

n=1

‖ − ∆nψ‖ =

N∑

n=1

〈−∆nψ| − ∆nψ〉1/2

≤
N∑

m,n=1

〈−∆mψ| − ∆nψ〉1/2

≤ N

(
N∑

m,n=1

〈−∆mψ| − ∆nψ〉
)1/2

= N

∥∥∥∥∥
N∑

n=1

−∆nψ

∥∥∥∥∥, (1.44)

and we finally obtain

∥∥V(x)ψ
∥∥ ≤ N

(
Ztot +

N − 1

2

)(
a ‖H0ψ‖ + b ‖ψ‖

)
. (1.45)

Since a > 0 can be chosen arbitrarily small, this implies that V(x) is an

infinitesimal perturbation of H0, and the claim follows from Theorem 1.5.
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Corollary 1.8. For all N ≥ 2, K ≥ 1, Z := (Z1, . . . , ZK) ∈ (R+)K , and

R := (R1, . . . , RK) ∈ R
3K , the Hamiltonian HN is bounded below by

HN ≥ −8N2

(
Ztot +

N − 1

2

)2

. (1.46)

Proof. Eq. (1.46) results from an application of (1.25) with M := 0, a :=

(2L)−1 which allows us to choose ba := 4L, where L := N [Ztot+(N−1)/2].

The material of this chapter is covered in various textbooks, for instance,

in [13–15] by Reed and Simon.

2. Stability of Matter — Stability of the Second Kind

In this chapter we refine the estimates from Chapter 1 to obtain the lower

bound

HN (Z,R) + U(Z,R) ≥ −CSM (N +K), (2.1)

for all N , Z, and R, where CSM ≡ CSM (ζ) only depends on ζ :=

max{Z1, . . . , ZK}. If such a constant CSM < ∞ exists, we call the sys-

tem stable of the second kind or say that stability of matter holds

true. Stability of matter was proved first by Dyson and Lenard [4, 5]. Later

Lieb and Thirring [12] improved this (see [9, 17]) in various aspects.

Definition 2.1. Let Ψ ∈⊗N
L2(R3) be normalized. The bounded opera-

tor γ
(1)
Ψ ∈ B[L2(R3)] defined by the Schwartz kernel

γ
(1)
Ψ (x, y) :=

N∑

n=1

∫ ∏

m(6=n)

d3xm (2.2)

{
Ψ(x1, . . . , xn−1, x, xn+1, . . . , xN ) Ψ(x1, . . . , xn−1, y, xn+1, . . . , xN )

}

is called one-particle density matrix (1-pdm) of Ψ, and ρΨ ∈
L1(R3,R+

0 ) given by

ρΨ(x) :=

N∑

n=1

∫ ∣∣Ψ(x1, . . . , xn−1, x, xn+1, . . . , xN )
∣∣2 ∏

m(6=n)

d3xm

= γ
(1)
Ψ (x, x) (2.3)

is called one-particle density of Ψ.
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Examples and Remarks

• For all normalized Ψ ∈ ⊗N L2(R3), its 1-pdm γ
(1)
Ψ is positive and of

trace class, 0 ≤ γ
(1)
Ψ ≤ Tr{γ(1)

Ψ } = N .

• If Ψ ∈
∧N

L2(R3) is a fermion wave function, then the eigenvalues of

γ
(1)
Ψ are even bounded by one, 0 ≤ γ

(1)
Ψ ≤ 1. This easily follows from

using the fact that 〈f |γ(1)
Ψ g〉 = 〈Ψ|c∗(g)c(f)Ψ〉 in this case, where c∗(g)

and c(f) are the usual fermion creation and annihilation operators and∧N
L2(R3) is viewed as the N -particle sector of the fermion Fock space

Ff [L
2(R3)].

Theorem 2.2 ([7, 11]). There exists a constant CLO < ∞ such that for

all normalized Ψ ∈
⊗N

L2(R3),
〈

Ψ

∣∣∣∣∣
∑

1≤n<m≤N

1

|xn − xm| Ψ

〉
(2.4)

≥ 1

2

∫
ρΨ(x) ρΨ(y) d3x d3y

|x− y| − CLO

∫
ρ
4/3
Ψ (x) d3x.

Proof. For the proof it is convenient to abbreviate ρ := ρΨ. Furthermore,

for all x 6= y, we use the Fefferman-de la Llave identity

1

|x− y| =
1

π

∫
d3z

∫ ∞

0

dr

r5
1B(z,r)(x)1B(z,r)(y), (2.5)

which yields

∑

1≤n<m≤N

1

|xn − xm| =
1

2π

∫
d3z

∫ ∞

0

dr

r5

∑

m6=n

1B(z,r)(xm)1B(z,r)(xn)

=
1

2π

∫
d3z

∫ ∞

0

dr

r5
Nz,r(x)

[
Nz,r(x) − 1

]
, (2.6)

with

Nz,r(x) :=

N∑

n=1

1B(z,r)(xn). (2.7)

Note that, sinceNz,r is integer-valued, we have thatNz,r(x)[Nz,r(x)−1] ≥ 0

is nonnegative. Moreover,

〈
Ψ
∣∣ Nz,r Ψ

〉
=

N∑

n=1

∫
1B(z,r)(xn)

∣∣Ψ(x1, . . . , xn, . . . , xN )
∣∣2

N∏

m=1

d3xm

=

∫

B(z,r)

ρ(x) d3x, (2.8)
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and

〈
Ψ
∣∣ Nz,r [Nz,r(x) − 1] Ψ

〉

=
〈
Ψ
∣∣ N2

z,r Ψ
〉
−
〈
Ψ
∣∣ Nz,r Ψ

〉

≥
〈
Ψ
∣∣ Nz,r Ψ

〉2 −
〈
Ψ
∣∣ Nz,r Ψ

〉

=

(∫

B(z,r)

ρ(x) d3x

)2

−
(∫

B(z,r)

ρ(x) d3x

)
, (2.9)

by Jensen’s inequality. So, for any measurable choice of R : R
3 → R

+
0 , we

have
〈

Ψ

∣∣∣∣∣
∑

1≤n<m≤N

1

|xn − xm| Ψ

〉

≥ 1

2π

∫
d3z

∫ ∞

R(z)

dr

r5
〈
Ψ
∣∣ Nz,r(x)

[
Nz,r(x) − 1

]
Ψ
〉

(2.10)

≥ 1

2π

∫
d3z

∫ ∞

R(z)

dr

r5

{(∫

B(z,r)

ρ(x) d3x

)2

−
(∫

B(z,r)

ρ(x) d3x

)}
.

Since by (2.5)

1

2

∫
ρ(x) ρ(y) d3x d3y

|x− y| =
1

2π

∫
d3z

∫ ∞

0

dr

r5

(∫

B(z,r)

ρ(x) d3x

)2

, (2.11)

Eq. (2.10) implies that

〈
Ψ

∣∣∣∣∣
∑

1≤n<m≤N

1

|xn − xm| Ψ

〉
− 1

2

∫
ρ(x) ρ(y) d3x d3y

|x− y|

≥ − 1

2π

∫
d3z

{∫ R(z)

0

(∫

B(z,r)

ρ(x) d3x

)2
dr

r5

+

∫ ∞

R(z)

(∫

B(z,r)

ρ(x) d3x

)
dr

r5

}
. (2.12)

We introduce the Hardy-Littlewood Maximal Function Mρ : R
3 → R

+
0 of

ρ ∈ L1(R3) by

Mρ(z) := sup
r>0

{
1

|B(z, r)|

∫

B(z,r)

ρ(x) d3x

}
, (2.13)
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where |B(z, r)| := 4πr3/3 denotes the volume of the ball of radius r > 0

about z in R
3. For almost all z ∈ R

3, we have ρ(z) ≤ Mρ(z) < ∞, so

‖ρ‖Lp(R3) ≤ ‖Mρ‖Lp(R3), for any p > 1. The important nontrivial fact

about the Maximal function used here (see [16]) is the Hardy-Littlewood

maximal inequality which asserts that, for any p > 1, the converse inequality

‖Mρ‖Lp(R3) ≤ Ĉp · ‖ρ‖Lp(R3) also holds true, up to multiplication by a

constant Ĉp < ∞ which only depends on p (and the spatial dimension

which is 3 here). In particular, there exists a universal constant C ′ := Ĉ
4/3
4/3

such that ∫

B(z,r)

M4/3
ρ (x) d3x ≤ C ′

∫

B(z,r)

ρ4/3(x) d3x. (2.14)

Inserting Mρ into (2.12) and choosing R(z) := M
−1/3
ρ (z), we obtain

〈
Ψ

∣∣∣∣∣
∑

1≤n<m≤N

1

|xn − xm| Ψ

〉
− 1

2

∫
ρ(x) ρ(y) d3x d3y

|x− y|

≥ − 1

2π

∫
d3z

{
16π2

9
M2
ρ (z)

(∫ R(z)

0

r dr

)
+

4π

3
Mρ(z)

(∫ ∞

R(z)

dr

r2

)}

= − 1

2π

∫
d3z

{
8π2

9
M2
ρ (z)R(z)2 +

4π

3
Mρ(z) R(z)−1

}

= −C ′′

∫
M4/3
ρ (z) d3z ≥ −C ′C ′′

∫
ρ4/3(z) d3z, (2.15)

where C ′′ := (4π + 6)/9.

Examples and Remarks

• Note that Theorem 2.2 does not assume any antisymmetry of the N -

particle wave function ψ, which illustrates the robustness of this estimate.

• On the other hand, the lack of an assumption on the fermionic character

of the wave function Ψ also indicates that Theorem 2.2 cannot estimate

exchange correlations in the state Ψ accurately.

The second ingredient in our (that is, Lieb’s) proof of stability of matter

is the Lieb-Thirring inequality.

Theorem 2.3 ([8, 12]). There exists a constant CLT < ∞ such that for

all normalized, totally antisymmetric Ψ ∈ ∧N L2(R3),
〈

Ψ

∣∣∣∣∣
N∑

n=1

−∆n Ψ

〉
≥ CLT

∫
ρ
5/3
Ψ (x) d3x. (2.16)
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The Lieb-Oxford inequality (Theorem 2.2) and the Lieb-Thirring inequality

(Theorem 2.3) yield a lower bound on the ground state energy in terms of

the Thomas-Fermi (TF) theory. To see this, we observe that the Cauchy-

Schwarz inequality implies

CLO

∫
ρ
4/3
Ψ (x) d3x ≤ CLO

(∫
ρ
5/3
Ψ (x) d3x

)1/2(∫
ρΨ(x) d3x

)1/2

= CLON
1/2

(∫
ρ
5/3
Ψ (x) d3x

)1/2

≤ C2
LO

2CLT
N +

CLT
2

∫
ρ
5/3
Ψ (x) d3x. (2.17)

Hence we obtain for all normalized, totally antisymmetric Ψ ∈ ∧N L2(R3)

the lower bound

〈
Ψ
∣∣ HN (Z,R) Ψ

〉
≥ ETFCLT /2

(N,Z,R) − C2
LO

2CLT
N, (2.18)

where ETFγ (N,Z,R) is the TF energy defined by

ETFγ (N,Z,R) (2.19)

:= inf

{
ETFγ,Z,R(ρ)

∣∣∣∣ ρ ∈ L5/3 ∩ L1, ρ ≥ 0,

∫
ρ = N

}

with the TF functional ETFγ,Z,R : (L5/3 ∩ L1)(R3; R+
0 ) → R is given by

ETFγ,Z,R(ρ) (2.20)

:= γ

∫
ρ5/3(x) d3x −

K∑

k=1

∫
Zk ρ(x) d

3x

|x−Rk|
+

1

2

∫
ρ(x) ρ(y) d3x d3y

|x− y| .

To conclude the proof of stability of matter, we now use three facts from

TF theory.

(i) The TF energy R
+ 3 N 7→ ETFγ (N,Z,R) is negative, nonincreasing,

convex function such that

∀N ≥ Ztot : ETFγ (N,Z,R) = ETFγ (Ztot, Z,R), (2.21)

where Ztot :=
∑N
k=1 Zk is the total nuclear charge of the system.
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(ii) According to Teller’s lemma, atoms do not bind to molecules in TF

theory. More precisely,

inf
{
ETFγ (Ztot, Z,R) + U(Z,R)

∣∣∣ R ∈ (R3)K
}

(2.22)

= lim
r→∞

ETFγ (Ztot, Z, rR) =

K∑

k=1

ETFγ (Zk, Zk, 0),

where the right side is the sum of the TF energies of K single neutral

atoms of nuclear charges Z1, . . . , ZK .

(iii) By scaling, one sees that the TF energy of a neutral atom of nuclear

charge Z is given by

ETFγ (Z,Z, 0) = −CTF (γ) Z7/3, (2.23)

where CTF (γ) := −ETFγ (1, 1, 0) is the TF energy of the hydrogen

atom.

Combining (i)–(iii) with (2.18), we finally arrive at

Theorem 2.4 ([12]). For all N ∈ N, all normalized, totally antisymmetric

Ψ ∈ ∧N
L2(R3) and all R ∈ (R3)K , the ground state energy obeys the

following lower bound
〈
Ψ
∣∣ HN (Z,R) Ψ

〉
+ U(Z,R) ≥ − CSM (N +K), (2.24)

where CSM := CTF (CLT /2) maxk Z
7/3
k + C2

LO(2CLT )−1 <∞ only depends

on the maximal nuclear charge maxk Zk.

Examples and Remarks

• In the limit of large Z, the ground state energy

Egs(N,Z,R) := inf
{〈

Ψ
∣∣ HN (Z,R) Ψ

〉 ∣∣∣ Ψ ∈
N∧

h ∩ ⊗Nd, ‖Ψ‖ = 1
}
,

(2.25)

of an atom or molecule scales like Z7/3. The large-Z limit is defined by

Ztot → ∞ under the assumption of a fixed number of nuclei and mutual

ratios of the nuclear charges and the number of electrons comparable to

the total nuclear charge. More precisley, let z = (z1, . . . , zK) ∈ (R+)K

be fixed such that z1 + . . . + zK = 1 and set Z := Z · z, where Z > 0.

Furthermore, we assume that 1
2Z ≤ N ≤ 2Z. Then there are constants

0 < C1 < C2 <∞ such that

−C2K Z7/3 ≤ Egs(N,Z,R) ≤ −C1 Z
7/3, (2.26)
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• Moreover, there exist constants 0 < C ′
1 < C ′

2 < ∞ such that, if Ψ ∈∧N
L2(R3), with ‖Ψ‖ = 1, is a very rough approximation to a ground

state, i.e.,

Egs(N,Z,R) ≤
〈
Ψ
∣∣ HN (Z,R) Ψ

〉
≤ 1

2
Egs(N,Z,R), (2.27)

then also each of its contributions to its energy expectation value is of

order Z7/3,

C ′
1 Z

7/3 ≤
∫
ρ
5/3
Ψ (x) d3x ≤ C ′

2 Z
7/3, (2.28)

C ′
1 Z

7/3 ≤
K∑

k=1

∫
Z zk ρΨ(x) d3x

|x−Rk|
≤ C ′

2 Z
7/3, (2.29)

C ′
1 Z

7/3 ≤ 1

2

∫
ρ(x) ρ(y) d3x d3y

|x− y| ≤ C ′
2 Z

7/3. (2.30)

• The exchange integral, however, is much smaller, namely

∫
ρ
4/3
Ψ (x) d3x ≤

(∫
ρ
5/3
Ψ (x) d3x

)1/2(∫
ρΨ(x) d3x

)1/2

≤ C ′′
2 Z

5/3. (2.31)

3. Hartree-Fock (HF) Theory for Atoms and Molecules

It is convenient to follow [3] and introduce the fermion Fock space F[h] over

a one-particle Hilbert space h by F(0)[h] := C · Ω, where Ω is normalized

and called vaccum vector, and

F(N)[h] :=

N∧
h, F[h] :=

∞⊕

N=0

F(N)[h], (3.1)

so, for h = L2(R3), we have F(N)[h] = H(N), as before. We use creation and

annilhilation operators, c∗(f) and c(g), defined by c(g) :=
(
c∗(g)

)∗
and

c∗(ϕ1)
[
c∗(ϕ2) · · · c∗(ϕN ) Ω

]

:= c∗(ϕ1) c
∗(ϕ2) · · · c∗(ϕN ) Ω

:= ϕ1 ∧ ϕ2 ∧ · · · ∧ ϕN
:= (N !)−1/2

∑

π∈SN

(−1)πϕπ(1) ⊗ ϕπ(2) ⊗ · · · ⊗ ϕπ(N). (3.2)
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The operator family {c∗(f), c (f)}f∈h ⊆ B
(
F[h]

)
is a Fock representation

of the canonical anticommutation relation (CAR), i.e., for all f, g ∈ h, we

have

{c (f), c∗(g)} = 〈f |g〉 1, (3.3)

{c (f), c (g)} = {c∗(f), c∗(g)} = 0, (3.4)

c (g) Ω = 0. (3.5)

Note that
∥∥c∗(f)

∥∥
op

=
∥∥c (f)

∥∥
op

= ‖f‖h, (3.6)

because c∗(f)Ω = f and
∥∥c∗(f) Ψ

∥∥2

op
+
∥∥c (f) Ψ

∥∥2

op
=
〈
Ψ
∣∣ {c (f), c∗(f)}Ψ

〉
= ‖f‖2

h
· ‖Ψ‖2, (3.7)

for any Ψ ∈ F[h], thanks to (3.3).

Now let {ϕα}∞α=1 ⊆ h be an ONB of sufficiently regular vectors (e.g.,

eigenfunctions of the harmonic oscillator, in case that h = L2(R3)). An

N -particle Hamiltonian of the form

HN =

N∑

n=1

hn +
∑

1≤m<n≤N

Vm,n, (3.8)

with hn = 1
⊗(n−1)⊗h⊗1

⊗(N−n) and, e.g., h = −∆x−
∑K

k=1 Zk|x−Rk |−1,

as well as Vm,n = V (xm − xn), can be viewed as the restriction of

H =

∞∑

α,β=1

hα,β c
∗
α cβ +

∞∑

α,β,α̃,β̃=1

Vα,α̃;β,β̃ c
∗
α̃ c

∗
α cβ cβ̃ , (3.9)

to F(N)[h], where

hα,β := 〈ϕα| h ϕβ〉, (3.10)

Vα,α̃;β,β̃ := 〈ϕα ⊗ ϕα̃| V (ϕβ ⊗ ϕβ̃〉, (3.11)

c∗α = c∗(ϕα), cα = c (ϕα). (3.12)

Definition 3.1. Let h be a Hilbert space.

(i) A density matrix is a positive operator ρ ∈ B
(
F[h]

)
of unit trace,

0 ≤ ρ ≤ TrF{ρ} = 1.

(ii) If ρ ∈ B
(
F[h]

)
is a density matrix, its one-particle density matrix

(1-pdm) γ
(1)
ρ ∈ B(h) is determined by

〈
f
∣∣ γ(1)

ρ g
〉

h
:= TrF

{
ρ c∗(g) c (f)

}
. (3.13)
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(iii) If ρ ∈ B
(
F[h]

)
is a density matrix, its two-particle density matrix

(2-pdm) γ
(2)
ρ ∈ B(h ⊗ h) is determined by

〈
f ⊗ f̃

∣∣ γ(2)
ρ (g ⊗ g̃)

〉
h⊗h

:= TrF

{
ρ c∗(g) c∗(g̃) c (f̃) c (f)

}
. (3.14)

Obviously, we have

〈
Ψ
∣∣ H Ψ

〉
F

= Trh

{
h γ(1)

ρ

}
+

1

2
Trh⊗h

{
V γ(2)

ρ

}
, (3.15)

where ρ = |Ψ〉〈Ψ|.

Lemma 3.2. Let ρ ∈ B
(
F[h]

)
be a density matrix such that Tr

{
ρN2

}
<∞,

where

N :=

∞∑

α=1

c∗α cα =

∞⊕

N=0

N · 1F(N)[h] (3.16)

is the number operator on F[h]. Then γ
(1)
ρ ∈ L1[h] and γ

(2)
ρ ∈ L1[h ⊗ h] are

trace-class and

0 ≤ γ(1)
ρ ≤ 1, Trh

{
γ(1)
ρ

}
= TrF

{
ρ N
}
, (3.17)

0 ≤ γ(2)
ρ ≤ TrF

{
ρ N
}
· 1, Trh⊗h

{
γ(2)
ρ

}
= TrF

{
ρ N(N − 1)

}
. (3.18)

Moreover, γ
(1)
ρ is a rank-N orthogonal projection onto orthonormal orbitals

ϕ1, . . . , ϕN ∈ h if, and only if, ρ = |Φ〉〈Φ| is a rank-1 projection onto the

Slater determinant Φ = ϕ1 ∧ . . . ∧ ϕN , i.e.,

{
γ(1)
ρ =

N∑

n=1

|ϕn〉〈ϕn| =
(
γ(1)
ρ

)2
}

⇐⇒
{
ρ = |Φ〉〈Φ|, Φ = ϕ1 ∧ . . . ∧ ϕN

}
.

(3.19)

Examples and Remarks

• In general, γ
(1)
ρ −

(
γ

(1)
ρ

)2 ≥ 0.

• If (3.19) holds true, that is, if γ
(1)
ρ is a rank-N projection, then also 1

2γ
(2)
ρ

is a projection of rank 1
2N(N − 1), namely,

γ(2)
ρ =

N∑

m,n=1

|ϕm∧ϕn〉〈ϕm∧ϕn| = γ(1)
ρ ⊗γ(1)

ρ −Ex
(
γ(1)
ρ ⊗γ(1)

ρ

)
, (3.20)

where Ex(ϕ⊗ ψ) := ψ ⊗ ϕ is the exchange operator.
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Definition 3.3. Let (h, d) ∈ L(h) be self-adjoint and semibounded, h ≥
−C + 1, and (V, d ⊗ d) ∈ L(h ⊗ h) symmetric, positive, [V,Ex] = 0, and

obeying

0 ≤ V ≤ 1

4

(
h⊗ 1 + 1⊗ h

)
+ C. (3.21)

(i) The ground state energy Egs(N) (for N ∈ N particles) is defined

by

Egs(N) := inf

{
〈Ψ|HΨ〉

∣∣∣ Ψ ∈
N∧

h ∩ ⊗Nd, ‖Ψ‖ = 1

}
. (3.22)

(ii) The Hartree-Fock (HF) energy Ehf(N) (for N ∈ N particles) is

defined by

Ehf(N) := inf
{
〈Φ|HΦ〉

∣∣∣ Φ = c∗(ϕ1) · · · c∗(ϕN )Ω, (3.23)

ϕn ∈ d, 〈ϕm|ϕn〉 = δm,n
}
.

(iii) For γ ∈ L1(h), 0 ≤ γ ≤ 1, Tr{γ} < ∞, Tr{h γ} < ∞, the HF

functional is given by

Ehf(γ) := Trh{h γ} +
1

2
Trh⊗h

{
V (1 − Ex) (γ ⊗ γ)

}
. (3.24)

Examples and Remarks

• Since the variation in (3.23) takes places over a smaller set as compared

to (3.22), clearly Ehf(N) ≥ Egs(N) holds true.

• Eq. (3.19) implies that

Ehf(N) = inf
{
Ehf(γ)

∣∣ γ = γ∗ = γ2, Tr(γ) = N, Tr{hγ} <∞
}
. (3.25)

• For h = L2(R3), h = −∆x − Z
|x| , Vxy = 1

|x−y| , and Z/2 ≤ N ≤ 2Z, we

have

Ehf(γ) = Tr

{(
− ∆ − z

|x|

)
γ

}
+

1

2

∫
ρ(x) ρ(y) − |γ(x, y)|2

|x− y| d3x d3y.

(3.26)

Lemma 3.4 (Lieb’s Variational Principle [10]). Assume the hypo-

thesis of Definition 3.3, in particular, V ≥ 0. Then

Ehf(N) = inf
{
Ehf(γ)

∣∣∣ 0 ≤ γ ≤ 1, Tr(γ) = N, Tr{hγ} <∞
}
. (3.27)
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Proof ([1]). Let γ =
∑M
n=1 λn|ϕn〉〈ϕn|, 〈ϕm|ϕn〉 = δm,n, 0 < λn ≤ 1,∑M

n=1 λn = N . Assume M > N and, for the sake of simplicity, M < ∞.

Denote

hn := 〈ϕn|hϕn〉, Vm,n :=
〈
ϕn ∧ ϕn

∣∣V (ϕm ∧ ϕn)
〉
≥ 0, (3.28)

and

pn := hn +

M∑

m=1

λm Vm,n ≤ pn+1. (3.29)

Then

Ehf(γ) =

M∑

n=1

λn hn +
1

2

M∑

m,n=1

Vm,n λm λn. (3.30)

Since M > N ,

∃ 1 ≤ k < ` ≤M : 0 < λk, λ` < 1. (3.31)

We fix k, ` according to (3.31) and define γδ by

γδ := γ + δ
(
|ϕk〉〈ϕk | − |ϕ`〉〈ϕ`|

)
. (3.32)

Then Tr{γδ} = N and 0 ≤ γδ ≤ 1, provided δ > 0 is chosen sufficiently

small. Furthermore,

Ehf(γδ) − Ehf(γ) (3.33)

= δ
(
hk − h`

)

+

M∑

m,n=1

Vm,n
{
(λm + δ(δm,k − δm,`)) (λn + δ(δn,k − δn,`)) − λm λn

}

= δ(pk − p`) − δ2 Vk,` < 0,

using δ > 0, pk − p` ≤ 0, Vk,` > 0, and Vk,k = V`,` = 0. Choosing δ :=

min{1 − λk, λ`} > 0, we obtain

rk(γδ) ≤ rk(γ) − 1. (3.34)

After at most M −N such steps, we arrive at a rank-N projection.
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In the following, we again assume that

h := L2(R3), h = −∆x −
Z

|x| , (3.35)

V (x − y) :=
1

|x− y| =
1

π

∫
d3z

∫ ∞

0

dr

r5
1B(z,r)(x) 1B(z,r)(y). (3.36)

To show that Ehf(N) agrees with Egs(N) to high accuracy, we need to

improve the Lieb-Oxford inequality

〈
Ψ

∣∣∣∣∣
∑

m<n

|xm − xn|−1Ψ

〉

≥ 1

2

∫
ρΨ(x) ρΨ(y)

d3x d3y

|x− y| − CLO

∫
ρ
4/3
Ψ (x) d3x. (3.37)

We have remarked in (2.26)–(2.31) that, among all contributions to the

ground state energy of a large atom, the exchange correction is the small-

est in magnitude and can be estimated by Z5/3, according to (2.31). So, an

agreement of Ehf(N) and Egs(N) to high accuracy means that, the differ-

ence Ehf(N) −Egs(N) is small compared to Z5/3. Such an estimate of the

accuray is precisely the contents of the next theorem found in [1].

Theorem 3.5. Let z = (z1, . . . , zK) ∈ (R+)K be fixed such that z1 + . . .+

zK = 1 and set Z := Z · z, where Z > 0. Furthermore, assume that 1
2Z ≤

N ≤ 2Z. Then there exists a constant C <∞ such that

0 ≤ Ehf(N) −Egs(N) ≤ C Z5/3−1/7, (3.38)

The heart of the proof of Theorem 3.5 is the following correlation estimate

from [1]:

Lemma 3.6 (Fermion Correlation Estimate). For any orthogonal pro-

jection X = X2 = X∗ and any particle number-conserving density matrix

ρ ∈ B
(
F[h]

)
, we have that

Tr
{

(X ⊗X)
[
γ(2)
ρ − (1 − Ex)(γ(1)

ρ ⊗ γ(1)
ρ )
]}

≥ −Tr
{
Xγ(1)

ρ

}
·
√

min
(
1 , 8 Tr

{
X(γρ − γ2

ρ)
})
. (3.39)
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Using (3.39) with X := 1B(z,r), we obtain

〈
Ψ

∣∣∣∣∣
∑

m<n

|xm − xn|−1Ψ

〉
− 1

2

∫ (
ρΨ(x) ρΨ(y) − |γ(1)

Ψ (x, y)|2
)d3x d3y

|x− y|

≥ − 5

π

∫
d3z

{∫ R(z)

0

(∫

B(z,r)

ρΨ(x) d3x

)2
dr

r5

+

∫ ∞

R(z)

(
Tr
{
1B(z,r)(γρ − γ2

ρ)
})dr
r5

}
, (3.40)

as in (2.12), and further proceeding as in the proof of the Lieb-Oxford

inequality, we indeed obtain

Lemma 3.7. There is a constant C < ∞ such that for all normalized

Ψ ∈
∧N

h ∩
⊗N

d, we have

〈
Ψ

∣∣∣∣∣
∑

m<n

|xm − xn|−1Ψ

〉

≥ 1

2

∫ (
ρΨ(x) ρΨ(y) −

∣∣γ(1)
Ψ (x, y)

∣∣2
)d3x d3y

|x− y|

− C

(∫
ρ
4/3
Ψ (x) d3x

)(
Tr{γΨ − γ2

Ψ}
Tr{γΨ}

)1/3

. (3.41)

The final ingredient of the proof is the following estimate which states that

if Ψ ∈ ∧N h ∩⊗N
d is (very close to) a ground state of the system then

γΨ cannot deviate much from an orthogonal projection - much like the

projection onto the Fermi sea. This follows from semiclassical estimates by

Ivrii and Sigal [6].

Lemma 3.8. Let z = (z1, . . . , zK) ∈ (R+)K be fixed such that z1 + · · · +
zK = 1 and set Z := Z · z, where Z > 0. Furthermore, assume that 1

2Z ≤
N ≤ 2Z. Then there exists a constant C <∞ such that, for any normalized

ground state Ψ ∈ ∧N h ∩⊗N
d, i.e., 〈Ψ|HΨ〉 = Egs(N), we have that

Tr
{
γΨ − γ2

Ψ

}
≤ C Z−3/7 Tr

{
γΨ

}
. (3.42)

Proof (Sketch of the Proof of Theorem 3.5). Inserting (3.42) into

(3.41), we obtain a the following lower bound for the pair interaction energy



May 10, 2010 Master Review Vol. 9in x 6in – (for Lecture Note Series, IMS, NUS) 08-bach

Mathematical Theory of Atoms and Molecules 203

of a normalized ground state Ψ ∈ ∧N h ∩⊗N
d,

〈
Ψ

∣∣∣∣∣
∑

m<n

|xm − xn|−1Ψ

〉

≥ 1

2

∫ (
ρΨ(x) ρΨ(y) −

∣∣γ(1)
Ψ (x, y)

∣∣2
)d3x d3y

|x− y| − C Z5/3−1/7 . (3.43)

Therefore,

〈Ψ |H Ψ〉 ≥ Ehf

(
γ

(1)
Ψ

)
− C Z5/3−1/7 , (3.44)

from which the assertion is immediate.

4. Bogolubov-Hartree-Fock (BHF) Theory

The goal of this section is to extend HF theory from a variation over Slater

determinants to a variation over quasifree density matrices.

Definition 4.1. Let h = L2(M) be a Hilbert space given as a space of

square-integrabel functions on a measure space M , and denote f̄(x) :=

f(x), for all f ∈ h and x ∈M . Let ρ ∈ B
(
F[h]

)
be a density matrix.

(i) The generalized one-particle density matrix (g1-pdm) Γρ ∈
B[h ⊕ h] corresponding to ρ is defined by
〈(

f1
f2

) ∣∣∣∣ Γρ

(
g1
g2

)〉
:= Tr

{
ρ
(
[c∗(g1) + c (ḡ2)] [c

∗(f̄1) + c (f2)]
)}
,

(4.1)

(ii) The pairing matrix αρ ∈ B[h] corresponding to ρ is defined by

〈f |αρ g〉 := Tr
{
ρ c (ḡ) c (f)

}
. (4.2)

(iii) The density matrix ρ is called quasifree iff, given 2n ∈ 2N

orbitals f1, . . . , f2n ∈ h and 2n creation and annihilation oper-

ators C1, . . . , C2n ∈ {c∗(f1), c (f1), . . . , c
∗(f2n), c (f2n)}, we have

Tr{ρC1 · · ·C2n−1} = 0 and

Tr
{
ρ C1 · · ·C2n

}
(4.3)

=
∑

π∈P2n

(−1)π Tr{ρCπ(1)Cπ(2)} · · ·Tr{ρCπ(2n−1)Cπ(2n)},

where P2n ⊆ S2n denotes the set of pairings of 2n elements, i.e., all

permutations π ∈ S2n, for which π(1) < π(3) < · · · < π(2n − 1) and

π(1) < π(2), π(3) < π(4), . . . , π(2n− 1) < π(2n).
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Examples and Remarks

• Due to the CAR, we obviously have

0 ≤ Γρ ≤ 1, (4.4)

which is equivalent to

Γρ − Γ2
ρ ≥ 0. (4.5)

• The g1-pdm Γρ can be conveniently expressed in terms of a 2× 2-matrix

Γρ = Γ[γρ, αρ] whose entries involve the 1-pdm γ
(1)
ρ and the pairing

matrix αρ, where

Γ[γ, α] =

(
γ α

α∗
1− γ

)
, (4.6)

• While γ
(1)
ρ is self-adjoint and positive, αρ is antisymmetric,

γ(1)
ρ = (γ(1)

ρ )∗, αρ = −αTρ , (4.7)

where αTρ (x, y) := αρ(y, x), for x, y ∈ M , denotes the transpose of αρ.

• Eq. (4.5) implies that

γ(1)
ρ ≥ (γ(1)

ρ )2 + αρα
∗
ρ. (4.8)

• If ρ commutes with the particle number operator, in particular, if ρ =

|Φ〉〈Φ| is the state corresponding to a Slater determinant Φ then its

pairing matrix vanishes. In this case, (4.8) reduces to 0 ≤ γ
(1)
ρ ≤ 1

• Quasifree density matrices and generalized one-particle density matrices

are in one-to-one correspondence to another. More specifically:

ρ density matrix, Tr{ρN} <∞ =⇒ (4.9)

0 ≤ Γ[γ(1)
ρ , αρ] ≤ 1, γ(1)

ρ = (γ(1)
ρ )∗,

αρ = −αTρ , Tr{γ(1)
ρ } = Tr{ρN},

and conversely,

0 ≤ Γ := Γ[γ, α] ≤ 1, γ = γ∗, α = −αT , Tr{γ} <∞, (4.10)

=⇒ There exists a quasifree density matrix ρ such that Γρ = Γ.

• The case n = 2 in (4.3) is of special interest. Namely, if ρ is quasifree,

then

Tr{ρC1C2C3C4}
= Tr{ρC1C4}Tr{ρC2C3}

− Tr{ρC1C3}Tr{ρC2C4} + Tr{ρC1C2}Tr{ρC3C4}, (4.11)
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which yields
〈
f ⊗ f̃

∣∣ γ(2)
ρ (g ⊗ g̃)

〉

=
〈
f
∣∣ γ(1)

ρ g̃
〉 〈
f̃
∣∣ γ(1)

ρ g
〉

−
〈
f
∣∣ γ(1)

ρ g
〉 〈
f̃
∣∣ γ(1)

ρ g̃
〉

+
〈
g̃
∣∣ α∗

ρ g
〉 〈
f
∣∣ αρ f̃

〉
. (4.12)

Definition 4.2. Let N ∈ N, h = L2(M) be a Hilbert space, h = h∗ a

semibounded one-body operator on h, and V = V ∗ a pair potential on h

which is either an infinitesimal perturbation of h or relatively h-bounded

with relative bound sufficiently small compared to 1/N . The Bogolubov-

Hartree-Fock (BHF) energy Ebhf(N) (for particle number expec-

tation value N ∈ N) is defined by

Ebhf(N)

:= inf{Tr{ρH} | ρ ∈ B(F[h]) quasifree density matrix, Tr{ρN} <∞}.
(4.13)

We now assume that h = L2(R2 × Z2), that h is a one-body operator

which is an infinitesimal perturbation of −∆ or
√
−∆, and that the pair

potential V = V (x, y) is given by λ|x− y|−1. Moreover, we assume ρ to be

a quasifree density matrix. In this situation, (3.9) and (4.12) yield

Tr{ρH} = Ebhf

(
γ(1)
ρ , αρ

)
, (4.14)

where the Bologubov-Hartree-Fock (BHF) energy functional Ebhf is

defined by

Ebhf(γ, α)

:= Tr{h γ} +
λ

2

∫ (
γ(x, x) γ(y, y) − |γ(x, y)|2 + |α(x, y)|2

) dx dy
|x− y| ,

(4.15)

(with suitably defined Schwartz kernels γ(x, y) and α(x, y) and the integra-

tion over dx including the summation over spin variables.) Evaluating the

infimum in (4.14), we obtain that

Ebhf(N) = inf
{
Ebhf(γ, α)

∣∣ 0 ≤ Γ[γ, α] ≤ 1, γ = γ∗, α = −αT , Tr{γ} = N
}

.

(4.16)

Next we note that if Γ[γ, α] is a g1-pdm of particle number expectation N ,

then so is Γ[γ, 0], because 0 ≤ Γ[γ, α] ≤ 1 implies 0 ≤ γ ≤ 1. Moreover

Ebhf

(
γ, 0
)

= Ehf

(
γ
)
. (4.17)
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BHF = HF Theory in the repulsive case λ > 0

In this section we study the case of repulsive interaction potentials, λ > 0.

Using (4.15)–(4.17) we obtain

Ebhf

(
γ, α

)
≥ Ebhf

(
γ, 0
)

= Ehf

(
γ
)
, (4.18)

which clearly gives

Ebhf(N) = Ehf(N) (4.19)

in this case.

BHF Theory and Pairing in the attractive case λ < 0

In case of attractive interaction potentials, λ < 0, which are relevant for the

study of particles interacting by gravity, it turns out to be important that

the fermions under consideration have a spin- 1
2 degree of freedom. Then the

one-particle Hilbert space h can be written as a sum h = L2(R3) ⊕L2(R3)

and the 1-pdm γ = γ∗ and the pairing matrix α = −αT itself may be

viewed as 2 × 2-matrices, and the g1-pdm Γ = Γ∗ even as a 4 × 4-matrix,

with operator-valued entries each. More specifically, γ, α, and Γ can be

written as

γ =:

(
γ↑ γo

γ∗o γ↓

)
, α =:

(
α↑ αo

−αTo α↓

)
, (4.20)

and

Γ[γ, α] =




γ↑ γo α↑ αo

γ∗o γ↓ −αTo α↓

α∗
↑ −αo 1− γ↑ γo

α∗
o α∗

↓ γTo 1− γ↓


 . (4.21)

Note that the self-adjointness of γ implies that γ↑ = γ∗↑ , γ↓ = γ∗↓ , and the

antisymmetry of α, implies that α↑ = −αT↑ , α↓ = −αT↓ , but there is no

condition on γo nor on αo. This is the main benefit from the assumption of

a spin- 1
2 degree of freedom.

If Γ = Γ[γ, α] in (4.21) is a g1-pdm of particle number expectation N ,

then so is

Γ
[
1 ⊗ γ̂, σ(1)

⊗

√
γ̂ − γ̂2

]
=




γ̂ 0 0
√

γ̂ − γ̂2

0 γ̂ −

√
γ̂ − γ̂2 0

0 −

√
γ̂ − γ̂2 1 − γ̂ 0√

γ̂ − γ̂2 0 0 1 − γ̂




,

(4.22)
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where γ̂ ∈ B[L2(R3)] is the real, self-adjoint operator

γ̂ :=
1

4

(
γ↑ + γ↓ + γT↑ + γT↓

)
(4.23)

and σ(1) is the first Pauli matrix. In [2] the following estimate was proved,

which allows for the elimination of α from the minimization of the BHF

energy.

Theorem 4.3.

Ebhf

(
γ, α

)
≥ Ebhf

(
1 ⊗ γ̂, σ(1) ⊗

√
γ̂ − γ̂2γ

)
. (4.24)

This estimate proves that the pairing matrix αbhf of a minimizer

Γ(γbhf , αbhf) of the BHF energy functional is nonvanishing iff γbhf 6= γ2
bhf

deviates from an orthogonal projection. It can easily be seen that this is not

always the case (for instance, if h has purely discrete spectrum and −λ > 0

is sufficiently small), and to prove that in important physical models, pair-

ing does occur remains a challenge for research.
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